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Abstract

The fundamental group of a topological space is an important algebraic invariant that
records information about the different types of loops in the space. It allows us to
study topological spaces and classify them to some extent, and it can be used to prove
many important results in various mathematical domains. Unfortunately, calculating
the fundamental group of a space can be a daunting task. For many nice spaces, the
theory of covering spaces provides a general framework for finding their fundamental
groups.

In this thesis, we will introduce the classical theory of covering spaces and examine
spaces for which the classical theory fails. These are called wild spaces, the canonical
example of which is the so-called Hawaiian earring. We will study the Hawaiian
earring in detail and describe it as a limit of well-behaved spaces. Applying the
theory of covering spaces on the approximating sequence will allow us to compute the
fundamental group of the earring itself, which can be utilized to compute fundamental
groups of other wild spaces.
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Chapter 1

Introduction

What is algebraic topology? One of the primary goals of topology is the study of
the basic shapes of spaces and the classification of spaces up to homeomorphism. One
way to distinguish between topological spaces is via the study of properties that are
invariant under homeomorphism, e.g. connectedness, compactness, Hausdorffness,
etc. For instance, if one space is compact and the other is not, then we can conclude
that they are not homeomorphic to one another. Unfortunately, if both spaces were
compact, we cannot conclude if they are homeomorphic. Indeed, no combination of
such topological properties forms a conclusive test for the homeomorphism of two
spaces.

Instead of asking simple yes or no questions such as “is the space compact?”, one
could hope to capture more of the topological data of a space by assigning to each
space a numerical invariant. A famous numerical invariant is the Euler characteristic
of a space. A richer family of invariants still is that of algebraic invariants, where we
assign to each space an algebraic structure (such as a group or a ring) that carries
information about the space, and thereby reducing difficult topological questions to
systematic algebraic computations. This is the goal of algebraic topology, which
has been incredibly successful in resolving many long standing problems in topology
as well as contributing to many other areas. Interestingly, despite their immense
usefulness, there is no set of known algebraic invariants capable of answering the
question of whether two spaces are homeomorphic in general.

In his seminal 1895 paper “analysis situs”, Henri Poincaré introduced the first of
these algebraic invariants: the fundamental group, which is a group recording infor-
mation about types of loops in a space. For example, the fundamental group of R? is
trivial because there is “essentially” one class of loops in the plane (by which we mean
that any two loops in the same class can be continuously deformed into one another),
whereas the fundamental group of the circle is Z because loops could wind around
the circle twice clockwise (corresponding to 2 € Z), thrice counterclockwise (corre-
sponding to —3), etc. We will rigorously define and compute fundamental groups
in Chapter [2l Another way to think about it, is to say that the fundamental group
measures the existence of holes in the space. The fundamental group is the first of
the homotopy groups of a space, the following groups measuring “higher-dimensional



holes” in a sense. Together, these homotopy groups almost determine the basic shape
of a space. Despite being easy to define, homotopy groups are sometimes very difficult
to compute.

For sufficiently nice spaces, the theory of covering spaces provides a framework
for understanding the fundamental group of a space. More precisely, it establishes
a Galois correspondence between isomorphism classes of coverings of a space on the
one hand, and conjugacy classes of subgroups of its fundamental group on the other.
This will be examined in details in Chapter 3] The theory fails, however, for spaces
that contain at least one point from which it is possible to create arbitrarily small
loops that cannot be continuously shrunk to that point. These are called wild spaces.
In this thesis, we aim to understand methods for computing the fundamental groups
of these wild spaces. Although we will not be able to directly apply the results of
covering spaces theory to compute fundamental groups of wild spaces, the results and
methods developed will still be useful to our analysis.

In Chapter |2, we will define the basic notions of homotopy and the fundamental
group of a space. In Chapter [3] we will discuss the classical theory of covering
spaces and use it to calculate fundamental groups. Chapter || introduces Seifert—van
Kampen theorem, an important tool for calculating fundamental groups of “glued”
spaces by knowing the fundamental groups of the individual parts. In Chapter [5| we
will introduce the notions of an inverse and direct limit, which will help us understand
complicated objects via an approximating sequence. Chapter [6] marks the beginning
of our examination of wild spaces and introduces the Hawaiian earring, the canonical
example of wild spaces, and several related examples. In Chapter [7| we will compute
the fundamental group of the Hawaiian earring and examine some of its peculiar
algebraic properties. Finally, in Chapter [§| we will examine the fundamental group of
the harmonic archipelago, a very wild 2-dimensional space with an even more curious
fundamental group.



Chapter 2

The Fundamental Group

In this chapter, we introduce our central object of study: the fundamental group. We
will also introduce a prototypical example of a fundamental group calculation. For a
detailed treatment and more examples, the reader may refer to chapters 6 and 8 of
[Cro05).

2.1 Basic Notions of Homotopy

Before we can define fundamental groups as the set “different types” of loops in a
space, we need to understand what we mean by two loops being essentially the same.
We aim to describe two loops to be similar if one can be continuously “deformed”
into the other. Let I = [0, 1].

Definition 2.1. Given two spaces X and Y, two maps E] f,9: X =Y are called
homotopic (denoted f ~ g) if there exists a continuous function H : X x I =Y such
that for every x € X, H(z,0) = f(x) and H(x,1) = g(z). The map H is called a
homotopy between f and g.

We think of H as a deformation of f into g happening during the unit time interval
I. For example, if f, g : [—1,1] — R? are the two path given by f(z) = (z,1—2?) and
g(z) = (z,2*> — 1), then H : [-1,1] x I — R? given by H(z,t) = (z, (1 — 2t)(1 — 2?))
is a homotopy between them. Equivalently, one could think of H as a family of
continuous functions {h; : X — Y}ies, where hy(z) = H(x,t). The constant loop is
sometimes called the null loop, and loops homotopic to it are called nullhomotopic.

It is easy to verify that ~ is an equivalence relation, and thus one can talk about
homotopy classes of maps between X and Y, i.e. the quotient of the set of continuous
maps by the relation ~; we denote it by w(X,Y"). By fixing either X or Y and varying
the other, we get a map that associates to each topological space a set that we can then
equip with a group operation. One important such construction is the fundamental
group which will be defined in the next section and will be our object of study for
the remainder of this thesis.

' Maps between topological spaces are always assumed to be continuous and maps between groups
are always assumed to be homomorphisms. Set-theoretic functions between sets with additional
structure will be explicitly identified as such.



Definition 2.2. Two spaces X and Y are called homotopy equivalent (denoted X ~
Y ) if there are maps f : X - Y and g:Y — X such that gof ~ 1x and fog ~ 1y.
In that case, f and g are called homotopy equivalences. A space that is homotopic
to a point is called contractible.

Homeomorphisms are obviously homotopy equivalences, but the notion of homo-
topy equivalence is weaker than that of homeomorphism. For example, R is con-
tractible, but it is not homeomorphic to a point. Algebraic invariants in topology
are usually defined up to homotopy equivalence, i.e. they cannot distinguish between
homotopy equivalent spaces.

Definition 2.3. A retraction is a mapr : X — A, where A < X, such that r’A =14
The subspace A is called a retract of X.

A deformation retraction is a homotopy F : X x I — X between the identity and
a retraction, i.e. for allx € X and a € A, F(x,0) =z, F(x,1) € A and F(a,1) = a.
The subspace A is called a deformation retract of X.

An essentially equivalent definition of a retraction is as a map that has a right-
inverse. Notice that a deformation retract of X is homotopy equivalent to X (with
the inclusion map being a homotopy equivalence).

2.2 The Group Structure on (X, )

Let S' = {z € C | |z| = 1} be the unit circle with the subspace topology. We denote
by (X, xg) the set m,(S!, X) (the subscript  indicates the fact that we treat S' and
X as based spaces and the maps between them as respecting basepoints), where xg is
the basepoint of X. In other words, 71 (X, xg) is the set of homotopy classes of loops
in X based at zy. This set forms a group under the operation of concatenation of
loops. More precisely, given f, g : S' — X, define their concatenation

F(2t)  ift<1/2
g2t —1)if t >1/2

(f - 9)) := { ,
when thinking of S! as I with its ends identified. And define the inverse of f by
f~(t) := f(1—1), which is the same loop traversed in the opposite direction. Finally,
we extend these definition to homotopy classes by picking an arbitrary representative
so that [f]-[g] = [f-g] and [f]™! = [f~]. Tt is easy to check that these are well-defined
and that the group axioms hold. The group (X, x¢) under the operation - is called
the fundamental group of X with basepoint x,. Since fundamental groups are blind
to anything outside the path component of the basepoint, we will always assume that
our spaces are path-connected when considering their fundamental groups

Given a continuous map X 4 Y, we have a canonical group homomorphism
fa 2 m(X @o) = m(Y, f(20)) defined by [y] — [f o7]. Indeed,

fe(nl-[el) = falln e = f o (-2l = [(fen) - (f o)l
= [(fom)]-[(f o)l = fallml) - (fx([1:])

7



Moreover, the induced homomorphisms are compatible with composition of functions,
that is (fog)s = f40g4. Finally, notice that the identity condition (1x)x = Lx,(x.z0)
is satisfied. So what we have here is a mapping between topological spaces with iden-
tified basepoints and continuous functions between them on the one hand, and groups
and group homomorphisms on the other, that satisfies the composition compatibility
and identity conditions. Such a map is called a functor from the category of pointed
spaces to the category of groups.

In order to justify our use of the term “the fundamental group of X7, we must
first show that the algebraic structure of this group does not depend on the choice of
the basepoint.

Theorem 2.4. Given a path-connected space X and any two points xg,x1 € X, we
have (X, xo) = m (X, z1).

Proof. Since X is path-connected, we have a path u : I — X with u(0) = 2y and
u(1l) = x;. Using u, we can construct a map uy : m (X, z9) — m (X, 21) by setting
us([v]) = [u™ -7 -u] € m (X, x1), where u™(¢) := u(1 — t) is the same path traversed
in the opposite direction. We can define an inverse map in the same way, u;*([y]) =
[w-~-u"] e m(X,x9). Note that these maps are well-defined on homotopy classes
since we get a homotopy u~ -y -u ~ u~ -+ -u if v ~ 4/, by combining the trivial
homotopies on u~ and u with the homotopy between v and +'. Finally, note that
(7] [v2]) = [u™ 72 u] = [u™ -y w-u™ -] = ue([n]) - ua([72]), where the
middle equality is because v~ -u is contractible. Thus, u, is a group isomorphism. []

Notice that the isomorphism wu, depends on the homotopy class of the path wu.
Therefore, it is still important to mention the basepoint if we want to talk about the
fundamental group of X as it relates to fundamental groups of other related spaces
(e.g. subspaces of X). If, however, we are only interested in the isomorphism class
of the fundamental group of a path-connected space as an abstract algebraic object,
we will simply denote it as m1(X). A space X is called simply connected if m1(X) is
trivial, i.e. if any loop in X can be contracted to its basepoint. The higher homotopy
groups are defined similarly with S" = {(z1, 29, ..., 2p1) € R™™ [ 23+ 422, =1}
playing the role of St, i.e. m,(X,z0) = m(S™, X). One defines a group structure on
(X, 2p) in an analogous manner. Like 71, the mappings 7, are all functors from the
category of pointed spaces and continuous functions to the category of groups and
group homomorphisms. Denote the image of a continuous map f under this functor
by 7,(f). A highly non-trivial theorem due to Whitehead tells us that, for a large
class of reasonable spaces, a continuous function f such that 7,(f) is an isomorphism
for every n > 1 is a homotopy equivalence.

2.3 First Example: m(S')

The following example will illustrate the main idea of covering spaces and thus would
be helpful in guiding our intuition in the next chapter. First, we need the following
definition:



Definition 2.5. Given a map p: T — X and a map f:Y — X, a lifting map (or
simply a 1ift) of f with respect to p is a map f :Y — T such that po f = f, i.e.
making the following diagram commute.

S
!

We say that f lifts f with respect to p, and we do not mention p when it is clear from
the context.

><<T’ﬂ

Y

Theorem 2.6. m(S') =~ Z

2mix

Proof. Let p : R — S! be the function given by p(z) = €*™®. One way to visualize
p, is to think of R as being wrapped as a helix inside R? and of p as its projection of
this helix onto the zy-plane, as shown in Figure [2.1}

O

Figure 2.1

For every integer n, define the loop f, : I — S! given by x + e?™"® which
winds around the circle n times. Note that [f,.] - [fm] = [fa+m], where the homotopy
fn: fm ~ farm simply reparametrizes the domain (i.e. changes the speed of traversing
the loops). We will show that the map ¢ : Z — (S, 1) given by n — [f,.] is a group
isomorphism. The proof proceeds by studying the lifts with respect to p. For every
integer n, define f, : I — R, by fn(z) = nx. Clearly, f, lifts f,.

We will now show that for any path uw : I — S!' with «(0) = 1, there is a
unique path @ : I — R lifting u such that @(0) = 0. Let S; = S"\{1} and S, =
S"\{—1}, and notice that p~!(S;) consists of a disjoint union of neighborhoods in
R each homeomorphic to S, and similarly for S5. By compactness of I, the open
cover given by u({S1,S2}) contains a finite subcover; so we can choose N € N large
enough so that for all 1 < k < N we have u ([%=1,5]) < S; or u ([£2, 5]) < S,
Now, we construct « inductively on the intervals [%, %] as follows. Suppose that
[£=L1 k] < S;, and let U be the unique neighborhood in R in p~!(S;) that contains

U Z%) Then, p maps U homeomorphically onto S;, and we get the desired lift as

9



&’[E7£] = (p‘U)fl ou. To see that the lift is unique, suppose @ and @' are both lifts
of u with @(0) = @'(0) = 0. Since pou = po @, we conclude that @(s) — @'(s) € Z
for all s € I. Since & — @' : I — Z is a continuous function from a connected space to
a discrete space, it must be constant (this is an easy exercise, for a proof see lemma
4.18 of [Cro05]). Hence, u(s) = u(0) = 0 = @'(0) = @'(s) for all s € I.

Define ¢ : 1 (S', 1) — Z by [f] — f(1), the endpoint of the lifted path (which is an
integer since p(f(1)) = f(1) = 1). We will show that a homotopy of loops H between
f and g lifts to a unique homotopy of path H : I x I — R satisfying H(0,0) = 0
and po H = H. Since H(1,—) : I — Z is a continuous map from a connected space
to a discrete space, it must be constant; therefore, f(1) = H(1,0) = H(1,1) = §(1),
which would prove that v is well-defined on homotopy classes of loops.

R

-
g .-
l”

1
IXIT)S

We will find the unique homotopy lift in a similar fashion to the path lift. Let
H : I xI — S!' be a homotopy of loops between f and g. By compactness of I x I, the
open cover given by H~1({S},S}) contains a finite subcover; so we can find N € N
large enough and subdivide I x [ into an N x N grid of squares of side length 1/N,
each of which is mapped by H into either S; or Ss. Again, we proceed to define H
inductively on each square, starting with [0, ] x [0, +]. Suppose it is mapped into
S;. Take V to be the unique component of p~*(S;) containing H(0,0) = 0. We get

a unique lift of our first sub-square as (p}v) YoH |[0 [0, 1] Next, we define H on

~ X0, 5]
[0,1] x [+, 2] in a similar fashion using now as initial point H(0, +). The potential
problem of contradicting definitions of H on the shared edge [0, ~] x & does not
occur by the uniqueness of path lifting since both definitions lift the same path and
agree (by definition) on (0, ). Similarly, we continue to lift H on each square using
as an initial point a vertex on which H was defined in a previous square. Assuming
that we have two lifts H and H’ with H(0,0) = H'(0,0) = 0, we again conclude that
H—H':IxI— Zis constant since it is a map from a connected space to a discrete
space, and the uniqueness follows. Thus, we proved that ¢ is well-defined.

Since ¥(f,) = fu(1) = n, we have 1) o ¢ = 1. It remains to show that ¢ is
injective, which would show that both ¢ and ¢ are bijective. Suppose ¥([f]) = ¥([g])
and so f(1) = §(1). Then, §~-f is aloop in R based at 0. The homotopy H : I xI — R
given by H(s,t) = (1 —1¢)(g~ - f)(s) shows that [~ - f] = [0]. By applying the map
py : m(R,0) — m1(S', 1) induced by p to both sides, we get [¢7]-[f] = [1]. Therefore,
[g] = [f] and the proof is complete. O

10



Chapter 3

Covering Spaces

The aim of this chapter is to generalize the strategy used in the proof of Theorem
into a theory for calculating fundamental groups of well-behaved spaces. Besides their
central role in homotopy theory, covering spaces play an important role in complex
analysis, differentiable manifolds, and more. We shall only introduce the concepts
that will be useful for us later on, but the reader may refer to lecture 6 of [FF16], for
example, for a more comprehensive introduction to the theory.

Definition 3.1. A covering space (or simply a covering) of X is a map p : X -
X satisfying the following: for every x € X there is an open neighborhood U <
X of x such that p~'(U) is the union of disjoint open sets {Vi}aeca, with each V,
homeomorphic to U. The open set U is called evenly covered, each V, is called a
sheet above U, and for any point x € X the set p~(x) is called the fibers above x.

Example 3.2. R is a covering space of S* with the map p defined in Theorem
being the covering map.

Example 3.3. For every positive integer n, S' is a covering space over itself via the
covering map z — z". In this case, every evenly covered neighborhood has n sheets
above it.

Note that if U is a connected evenly covered neighborhood, the sheets above U are
the connected components of p~1(U). The number of sheets above U is the cardinality
of p~'(x) where x € U. As z varies over X, this number is constant as long as we are
in the same path component, and so it is constant if X is path-connected. In that
case, we call it the degree of the covering.

3.1 Path and Homotopy Lifting Properties

In Theorem 2.6 we proved the existence and uniqueness of path lifts and homotopy
lifts for S'. This section aims to prove these property in a much more general setting.
Let us assume throughout the chapter that all spaces are Hausdorff.

Lemma 3.4. (Path Lifting Property). Let p : X — X be a covering, Zg € X, and
u I — X be a path such that u(0) = p(To) = xo. Then, there is a unique lift
a: I — X of u such that u(0) = Zo.

11



Proof. We have an open cover of u(l) of evenly covered neighborhoods, and so by
compactness of I we have a finite open cover of I with each set in this cover mapping
inside an evenly covered neighborhood of X. Therefore we can find N € N large
enough so that there are evenly covered neighborhoods {Uy}i_; with u([E2, £])
Up for 1 < kE < N. We construct @ inductively as follows. Assume there exists
ay, : [0, %] — — X with @(0) = Z and po iy, = uha%]. This holds for k& = 0 by setting

u3(0) = Zg. Since Uy, is evenly covered, there is a unique component V of p~(Ugy1)
containing ﬂ(%) Moreover, p maps V homeomorphically onto Ui,;. We define

Upyr : [0, 5] — X by setting {41 = @ on [0, £] and Gyyq = (p‘v)_l o u‘[%%].
The required lift is given by @ = uy.

To prove uniqueness, suppose towards a contradiction that @ and @’ are both lifts
of w with @(0) = @'(0) = Zo. Let to = inf{t € I | a(t) # d/(t)}. Taking the image
under @ and under @' of an increasing sequence in I converging to ty, we see that
u(tg) = u'(to) by the uniqueness of the limit in a Hausdorff space. Let U be an
evenly covered neighborhood of u(ty), and let U be the sheet above U containing
U(tg) = @ (tg). Then, there exists € > 0 such that @ and @’ maps (ty — €,y + €) into
U. Since poti = po i/, applying (p|ﬁ)_1 to both sides, we see that the two lifts agree
on an e-neighborhood of t3. This contradicts the definition of ¢3 as an infimum. [J

Theorem 3.5. (Homotopy Lifting Property). Let p : X — X be a covering, and
H :Ix1I— X bea homotopy of paths. Given a point Zg € X, there exists a unique
homotopy H : I x I — X such that H(0,0) = & and po H = H. Moreover, if H(s,0)
and H(s,1) are constant for all s € I (i.e. all paths share the same endpoints), then
H(s,0) and H(s,1) are also constant for all s € 1.

Proof. Take any cover O of X by evenly covered open sets, and consider the open cover
{H=Y(U) | U € O} of I x I. Tt has a finite subcover by compactness of I x I, and so we
can find N € N large enough so that any square of side length 1 /N is mapped by H

into a neighborhood in O. Define @, ; = [, £] x [L4, £] for 1 < i,j < N. We will
construct H inductively on each @); ;. For every i, j, take U, ; to be any neighborhood
in O containing H(Q; ;). Let V be the unique sheet above U; ; that contains Z, and

define H on Q1,1 by (p‘U1 1)*1 o[ﬂQ1 - Next, we define H on (01,2 similarly, now using

the sheet above Uy 5 containing H(0,1/N). By the previous theorem, we don’t get a
contradicting definition of H on the common edge [0, %] X {%} since both must be
the unique lift of the edge starting at the point H(0,1/N). We continue in the same
fashion, using as initial point any vertex on which H has already been defined, until
H is defined on the whole unit square. Uniqueness follows from uniqueness of path
lifting since having homotopy lifts that are different at any point implies that a path
connecting (0,0) to that point has distinct lifts both starting at Z.

12



If p o H(s,0) = H(s,0) = x for all s € I, then the connected set I x {0} is

mapped by H into the discrete set p~*(xg); so H(s,0) = H(0,0) = &, for all s € I.

Similarly, if H is constant on I x {1}, then so is H. O

As a matter of fact, the homotopy lifting theorem holds in a more general setting
than just homotopies of path. More precisely, one can show that unique lifts exist
for homotopies of the form H : Y x I — X for a sufficiently nice space Y. For our
purposes, however, the previous theorem will be sufficient.

3.2 Action of the Fundamental Group on Fibers

The following consequence of the homotopy lifting theorem allows us to identify
m1(X, %) as a subgroup of 7 (X, xp).

Theorem 3.6. Given a covering p : X - X, with basepoints To € X and zy =
p(Zo) € X, the induced homomorphism py : m (X, To) — m (X, xo) is injective.

Proof. Let 7 be a loop that represents an element of the kernel of py. So v = po7yis
homotopic to the constant loop at xy3. By the homotopy lifting theorem, we conclude
that 4 is homotopic to the constant loop at zj since the latter is a lift of the constant
loop at 2. That is [7] is the identity of 7 (X, Z). O

Definition 3.7. The group of a covering p : X — X is the subgroup p#m(f(,fo) <
m1(X, zo), which is isomorphic to the fundamental group of X .

The fundamental group of a space acts naturally on the fibers of its covering.
This action provides information about the fundamental group itself. We now turn
to define this action and examine its properties.

Theorem 3.8. Let p: X — X be a covering, and xg € X be a basepoint. The follow-
ing description defines a right action of (X, %) on p~'(xg): given [v] € m (X, o)
and a point T € p~*(xg), let T [y] = (1) where ¥ is the unique lift of vy starting at .

Proof. The action is well-defined on homotopy classes of loops by the last sentence
in Theorem [3.5] Clearly, the constant loop at # lifts the constant loop at xy and so
we have T [z9] = Z. Finally, to show that the action is associative, suppose that 7,
and 7 are loops at xy that lift to 7, starting from #; € p~!(xy) and 7, starting at
T9 = 41(1) € p~(z0). Note that

—_—

Ty ([v]le]) = Tl 2] = (1 -12)(1) = %2(1) = T2 [12] = (@1 [n]) [1e]
0

Theorem 3.9. Given a coveringp : X — X, where X is path-connected, the following
properties hold:

(i) The action defined in Theorem is transitive (i.e. for any Ty, Ts € p~t(x)
there exists a loop 7y at xo such that T1[y] = Z2).

13



(ii) For any & € p~'(xg), the stabilizer of & under the action of (X, x¢) is the
subgroup pumi (X, %) (i.e. &[y] = % if and only if [y] € pami (X, T)).

(iii) The set {pymi(X,%) | & € p~(x0)} is a conjugacy class of subgroups of
7T1(X, $0). R

(iv) [p~" (wo)| = |m1(X, o) = pymi (X, Zo)|.

Proof. (i) Suppose that Z1, Zo € p~!(zg) and 7 is a path from #; to Zy. Then, v = po 7y
is a loop at x¢ and so it represents an element in 1 (X, z¢). Since 7 is a lift of v starting
at Z1, we see that Z;[v] = Zs.

(ii) A loop 7 is in the stabilizer of Z if and only if its unique lift starting from
ends at Z (i.e. it is a loop at #). This is indeed the case when [§] € m (X, %) and
[v] = px[7]. Conversely, if [y] = px[7] for some [§] € 71 (X, %), then a lift of
starting at Z is homotopic to a loop at & by Theorem [3.5]

(iii) is a general fact about transitive group actions. From (i) and (ii), we see
that (iv) follows immediately by the Orbit-Stabilizer Theorem. For proofs of these
algebraic facts, see chapter 3 of [Rot95)] O

The following result illustrates the utility of this theorem in calculating funda-
mental groups.

Corollary 3.10. Let RP" be the real projective n-space (i.e. the quotient of S™ by
the relation p ~ —p, which identifies every two opposite points). Then, for n > 1,
T (RP”) = ZQ.

Proof. The quotient map p : S® — RP" is a covering of degree 2. It is not hard to
see that m (S") is trivial for n > 1. By part (iv) of Theorem [3.9] we get

[P (0)| = 2 = |mL(RP", 20) : pemi(S”, Zo).
It follows that |m (RP", zo)| = 2 O

The fundamental group is different from most of the other homotopy invariants
studied in algebraic topology in that it is not always abelian. Define the wedge
sum (X, xo) v (Y,y0) of two based spaces X and Y as the quotient space of their
disjoint union by the identification of their basepoints xy ~ yo. We will show that
the fundamental group of S' v S' is nonabelian.

Corollary 3.11. Let i,j : St — St v St be the two natural embeddings. Let o and 3
be the images of the generator of m(S') =~ Z under iy and jy. Then a- 3 # - .

Proof. Consider the highlighted lifting of the loop representing afa~ 3~ in the cov-
ering of S' v S shown in Figure Since this lift is not a loop, it does not represent
an element of the group of the covering. Therefore, afa~ [~ is not in the stabilizer
of Ty by part (ii) of Theorem . In particular, a7 is a non-trivial element of
(St v Sh). O
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Figure 3.1 a degree 5 covering of S' v S'. Image from [FF16]

3.3 Lifting of General Maps

We have already seen the importance of lifts. It is therefore desirable to understand
the necessary and sufficient conditions for the existence of lifts of any continuous
function. First we need to define the following property.

Definition 3.12. A space is locally path-connected at x if for every open set U
containing x, there exists a path-connected open set V' containing x with V< U. The
space s called locally path-connected if it is locally path-connected at every point.

(0,0 (1,0)

Figure 3.2 Warsaw circle

Any connected, locally path-connected space is also path-connected. Surprisingly,
not all path-connected spaces are locally path-connected. One counter example is
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the Warsaw circle given by closing the curve y = sin(r/x) for 0 < x < 1 (called the
topologist’s since curve) by an arc from (0,0) to (1,0) (see Figure[3.2)). All the spaces
we will consider will be path-connected and locally path-connected, so we need not
worry too much about these subtleties.

Theorem 3.13. Let Y be a path-connected, locally path-connected space, p : XX
a covering of X, and f 1Y — X a continuous function. Given basepoints &o € X,
yo €Y, and x9 = f(yo) = p(Z) € X, a lift f : Y — X of the map f satisfying
fyo) = &g exists if and only if fami(Y,yo) < p#m(f(,fo). In particular, if Y is
simply connected, the desired lift always exists. If such a lift exists, it is unique.

(Y, 90) —— (X, 20)

Proof. Assuming that the desired lift exists, since p o f = f, we have py o f# = fu.
Therefore,

faemi(Y,90) = py (f#?ﬁ(Y, yo)> < ppm(X, i)

We will now prove the converse. Assume that fum(Y,40) S pgm (X, ). We will
define the lift f on an arbitrary point y € Y. Choose any path u from yo to y and
lift fowu to f o u starting at Z. Set f(y) = f o u( ). To show that f is well-defined,
consider two paths u; and uy from yo to y. The loop u; - uy is mapped by f to a loop
~ in representing an element of f#m (Y.y0) € ppm (X, Zo). By part (11) of Theorem
~ is lifted to a loop at Zo in X, which guarantees that f owuy and f o uy have the
same termmal point.

To see that this lift is unique, assume f and f’ both satisfy the requirements of
the theorem. Given y € Y, let u be a path from yo to y. Since the two path fowu and
f ou start at ¥p and are mapped by p onto f o, they must coincide by uniqueness
of path lifting. In particular, f(y) = fou(l) = f ou(1) = f'(y).

It remains to show that f is continuous. It is enough to show that for every
y € Y there exists a neighborhood V, with f being continuous on V, since then
the preimage of an open neighborhood in X would be the union of open sets lying
inside the neighborhoods {V,},cy which would be open. Given y € Y, x = f(y), and
i = f(y), pick an evenly covered neighborhood U of z and let U be the sheet above
it containing Z. By continuity of f, we can find an open neighborhood V < Y such
that f(V') € U. Since Y is locally path-connected, we may assume that V' is path-
connected WLOG (otherwise we take V' to be a smaller path-connected neighborhood
of ). Since po f = f, we have f( ) < p~'(U). It suffices to show that f(V) < U
i p‘ "o f|,,, which would establish the continuity of f.
Fix a path ug from y/@/y, and for any y’ € V_take a path u from y to y'. Lift fowug
and f ow to paths foug starting at £ and f o u starting at f owug(1), respectively.
Since f o u lies entirely in U, its lift must lie in U, and so

F) = fo(up-u)(1)=fou(l) el
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Finally, if Y is simply connected, then (by definition) (Y, o) is trivial, and so the
condition fum (Y, o) S pemi (X, Zo) holds. O

3.4 The Fundamental Theorem of Covering Spaces

The following definition is useful for classifying covering spaces.

Definition 3.14. A homomorphism of coverings from p; : X1 — X to ps : Xo — X
1S a continuous surjection h such that po o h = py. If h is a homeomorphism, we call
it an isomorphism of coverings and we say that the two coverings are equivalent.

X2 & h Xl

N

X

The theory of covering spaces works in its full scope for spaces that satisfy the
following property.

Definition 3.15. A space X is semi-locally simply connected if for every point x,
there exists a neighborhood U of x such that every loop in U is nullhomotopic in X, i.e.
loops in U can be contracted to a point via a homotopy H : S' x I — X . Equivalently,
every point x € X has a neighborhood U such that the map m(U,z) — m (X, x)
induced by the inclusion U — X s trivial.

The term semi-locally (as opposed to locally) refers to the fact that intermediate
loops in the homotopy H may go outside of U. This condition ensures the existence
and uniqueness (up to equivalence) of a simply connected covering space (also known
as a universal covering E[) For these spaces, the connection between the fundamental
group of a space and its coverings is strongest. We summarize the connection, which
is reminiscent of Galois theoryf] in the following theorem.

Theorem 3.16. (The Fundamental Theorem of Covering Spaces). Let (X, xq) be a
path-connected, locally path-connected, and semi-locally simply connected space. There
is a bijection between the isomorphism classes of coverings p = (X, o) — (X, o),
where X is path-connected on the one hand, and the subgroups of m (X, xg) on the
other, given by associating to the isomorphism class of p the subgroup pum (X,fo).
If the basepoints are omitted (i.e. if we think of the same covering with different
basepoints as one object), we get a bijection between isomorphism classes of path-
connected coverings and conjugacy classes of subgroups of w1 (X, zo).

1The term universal refers to the following property: given a universal covering p : X — X and
any other covering p’ : X’ — X, there exists a (necessarily unique) homomorphism of coverings
X > X'. In categorical terms, it is the inital object in the category of coverings of X

2This can be formalized as a certain equivalence of categories
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Since our focus will be on spaces which are not semi-locally simply connected (also
called wild spaces), we will not prove this theorem. The canonical example of a wild
space is the Hawaiian earring, H = | J,-,{(z,y) € R? | (z — £)? + y* = 1}, which is
not semi-locally simply connected at (0,0). We will return to the Hawaiian earring
and its various realizations in Chapter [6 and it will be the center of our attention for
a significant part of this thesis.

Figure 3.3 the Hawaiian earring
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Chapter 4

Seifert—van Kampen Theorem

In this chapter we will present our second important classical tool for calculating the
fundamental group of a space, knowing the fundamental group of its constituents.
More precisely, the Seifert—van Kampen Theorem (also called van Kampen Theorem)
allows us to compute the fundamental group of the union of path-connected subspaces
that have a path-connected intersection in terms of the free product of the fundamen-
tal groups of these subspaces. We will first briefly define the free product of group
and then we will prove van Kampen Theorem and use it to compute the fundamental
group of the wedge of circles. For a thorough treatment and more applications of van
Kampen Theorem, see [Hat02].

4.1 The Free Product of Groups

Given groups G and H, a word in G and H is a finite sequence of the form s;s; ... s,,
where each s; is an element of either G or H. A word may be reduced in one of the
following two ways: (1) a consecutive pair of elements g;g;41 in G (resp. h;h;11 in H)
can be replaced by their product in G' (resp. H); and (2) any instance of the identity
of either G or H can be removed. By repeated application of these two rules, the
reduced words (i.e. those for which neither (1) nor (2) apply) will be of the form of
an alternating product g1hig2hs ... g, h, where g; € G and h; € G forall 1 <i < n
are non trivial elements (with the possible exception of g; and hn)E] The free product
of G and H is defined as the set of reduced words in G and H, with the operation
being concatenation followed by reduction, and is denoted by G = H. The empty word
is assumed to be an element of G * H and serves as its identity. The group axioms
are easy to verify. Having defined the free product of two groups, we can easily show
that the operation = is associative, and thus one can also define the free product of
any finite number of groups by %! G; = G; * Gy * - - - * G,,. More generally, we can
analogously define the free product of a collection of groups {G,}aca Where A is a
set of any cardinality. The underlying set of *,G, is as before the set of (finite)
words ¢192 . . . g, With g; € G, for some «a; € A, where consecutive letters come from

! This is not as obvious as it seems, but we omit the classical proof. For a proof, see chapter 11
of [Rot95].
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different groups, i.e. «; # ;1. The group operation is the also the same as in the
finite case.

Example 4.1. The free product of n copies of Z. In order not to confuse the
elements of the different copies of Z, we can identify the i copy of Z with the
set {...,x;% a7 1,x;, 2 ...} in the obvious way. After this identification, we see
that an element of the group ?_,Z is a word in the alphabet {x,zs,...,x,} and
their inverses and powers, where reducing a word looks like regular multiplication of
algebraic variables. This group belongs to an important family called the free groups
on |A| generators, which we denote by Fja = *aecaZ, where the indexing set A is of
any cardinality.

The following universal property holds of the free product. A collection of homo-
morphisms {¢, : G, — H}, extends uniquely to a homomorphism & : %,G, — H.
Namely, a word g1 ¢z . . . g, Where g; € G, is mapped by ® to the product ¢, (91)Pas(g2)
oo Pa, (gm) iIn H. One can verify that this gives a well-defined homomorphism of
groups, and that this property characterizes a unique (up to isomorphism) group iso-
morphic to the construction presented above. We can restate this property in the
commutativity of the following diagram.

Gy
1

G 2

4.2 The Theorem

Theorem 4.2. (van Kampen). Let X be the union of path-connected open sets A,
each containing the basepoint xy, where each pairwise intersection A, N Ag is path
connected. Let @ : 3k ,m1(Aa, 0) — (X, x0) be the unique homomorphism extending
the maps 71 (Aa, xo) — m (X, z0) induced by the inclusions A, — X. Then, ® is
surjective.

Let fop : (Ao Ag, o) — m1(Aa, o) be the map induced by inclusion. If in addition
every intersection A, N Ag N A, is path-connected, then the kernel of ® is the smallest
normal subgroup N containing elements of the form fop5(w) fsa(w)™ for we m(Ay N

Ag,xg). Therefore, m(X) = skom(As)/N. E|

2This construction is known as the amalgamated free product of (A4, ) with respect to the maps
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Proof. First, we will show that ® is surjective. Let f : I — X be a loop based at x;.
Then, the preimages under f of the open sets A; form an open cover of the interval.
So by compactness of, there is a subdivision 0 = s; < s9 < -+ < s = 1 of I such
that, for each j, f([s;_1,5;]) S Aa, for some a;. Let f; be the restriction of f to
[sj-1,5;]. For each j, fix a path g; in Ay, N As,,, from ¢ to f(s;). Notice that f is
homotopic to the loop (fi-g1)-(g1-f2-95) -+ (gr—2" fe—195_1) " (gk—1- fi), and that
each factor (g;_1- f;-g; ) is a loop representing an element of 71(Aa;, 7). Therefore,
this representation of f gives a (possibly unreduced) word of sk ,m(Aq, o), and so
[f] € Im @.

By a factorization of | f] we mean a representation of [f] € m (X, z¢) as a formal
product of homotopy classes of loops [fi]...[fx], where each [f;] is an element of
m(Aq,, o) for some a;, and where f ~ fi----- fi. We say that two factorizations
are equivalent if it is possible to get from one factorization to the other by applying
a finite sequence of the following two moves and their inverses:

e combine two consecutive classes [f;][fi+1] into a single class [f; - fj+1] if both
classes are in the same m;(A,);

e view a class [f;] as an element of m(A,) instead of m(Ap) if f; is a loop in
Aa M AB'

Notice that applying the first move does not change the reduced word in %, (A,)
represented by the factorization, and applying the second move does not change its
coset in sk,m(Ay)/N. Therefore, to prove the second claim, it suffices to show that
different factorizations of [ f] are equivalent.

Let [fillfe] - - [fe] and [f1][f5] - - - [f] be two factorizations of [ f] (we can assume
WLOG that they both contain the same number of factors since we are free to add

some trivial classes to make them equal). Since fi----- fpx ~ f ~ f] - -+ fi, there
is a homotopy H : I x I — X of loops in X from f,----- fp to f{ ----- fi. By
compactness of I x I, we can find a subdivision 0 = s; < 55 <--- < s, =1 and a

subdivision 0 = t; <ty < --- < t, = 1 so that H([s;_1,s:] % [tj_1,;]) lies inside a
single neighborhood A,. Index the rectangles [s;_1,s;] x [tj_1,%;] as Ry, Ra, ..., Ry,
from left to right, then from bottom to top. Notice that each homotopy class in the
first factorization of [f] is represented by the restriction of H to some consecutive
edges on the bottom side of I x I, and similarly for the second factorization with the
top side.

For a vertex (s;,t;) in our grid of I x I, we want to take a path from z, to the
image under H of that vertex. The problem is that H(s;,t;) might be contained in
the intersection of four different neighborhoods — each of which containing the image
of one of the rectangles that share this vertex — which might not be path-connected.
This is not a problem, however, since slightly perturbing the edges in the grid can
make each vertex the meeting point of at most three rectangles, as shown in Figure
[1.1] (we can ensure that our subdivisions were fine enough so that each perturbed
rectangle still map into a single neighborhood). Thus, we use our hypothesis that

fi; and fj;, and it is their pushout in the category of groups. Thus, van Kampen Theorem provides
sufficient conditions for the preservation of pushouts under the functor m
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triple intersections are path-connected to get a path u, from xy to H(v) for each
vertex v.

ty = 1
qufl qu

¢

R i
to
1

R R, Rs

S1 So - Sp = 1

Figure 4.1 the domain of H

Let v; be the loop defined by the restriction of H to the path in our grid of [ x [
that connects the left side to the right side and separates Ry, ..., R; from the other
rectangles of the grid, as in Figure . We can factorize [v;] as follows. First, notice
that we can express 7; as a concatenation of paths given by its evaluation on the
edges of the grid on which it is defined, and each such path stays inside a single
neighborhood A,. Given an edge e of the grid that starts at the vertex v and ends
at v/, let v/ ‘6 = U, - %-!e -u,,, which gives a factorization of [v]] = [v;] since the image
of any edge under ~/ stays inside a single A,.

Notice that the factorization of [yo] (resp. [7,,]) is clearly equivalent to the first
(resp. second) factorization of [ f]. Moreover, the intermediate loops ~; for 0 < i < pq
are all homotopic to f in X and define intermediate factorizations of it. Therefore,
it is enough to see that for every i the factorizations we get for [v;] and [y;41] are
equivalent. Observe that ~; is homotopic to 7;,1 via a homotopy inside a single
neighborhood A,, for some «;, which is given by H ‘ Rivr' We apply the second move

to view the factors of [y;] and [+;41] corresponding to the edges of R;,; as elements
of m(Aa,, o); then, we apply the first move to combine all the factors corresponding
to edges in R;,, into a single factor; and finally we apply the homotopy H to
see that the factors we get from both factorizations is indeed the same element of
71(Aq,;, o). This shows that the factorizations of [v;] and of [v;;1] are equivalent and
the proof is complete. n

Rit1

Corollary 4.3. If in addition to the hypotheses of Theorem[{.3 every pairwise inter-
section A, N Ag is simply connected, then m(X) = %k,m1(A,).
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4.3 Applications

Example 4.4. We can use van Kampen theorem to compute the fundamental group
of the wedge of circles \/ ., S}, where every S}, is an identical copy of the circle with a
marked basepoint x,. Let xg be the common basepoint after identifying all the points
7, in the wedge. For every a € J, let U, be a contractible neighborhood of z, in S},
and let A, =S} U (U,Bej\{a} Ug). Each A, is path-connected and open in the wedge
of circles, and their union covers the wedge; additionally, the intersection of any two or
more distinct sets of {Ay}acs i |, e, U Which is also path-connected. Therefore, the
hypotheses of van Kampen theorem are satisfied. Notice that m (|, c; Ua, o) = 0,
and 71 (Aq, 29) = Z. Tt follows that m1((\/ ,c;S") = *aesZ = Fy, the free group on
|J| generators.

aeJ

A graph can be realized as a topological space as follows. A topological graph is
a space the consists of a set of distinct points (vertices) and a set of homeomorphic
images of the unit interval (edges), with each edge glued to two vertices from its
endpoints. A tree is a connected graph that contains no closed loops. A maximal
tree (also called a spanning tree) in a graph is a tree that is not properly contained
in any other tree in the graph. It is a standard result in graph theory that any
connected graph has a maximal tree, and that such a tree contains every vertex of
the graph (for a proof and an algorithm to construct maximal trees, see section 1.3.3
of [HHMOS8]. Van Kampen theorem gives us the following characterization of the
fundamental groups of graphs.

Theorem 4.5. Let X be a connected graph and T < X a mazximal tree. Then,
m(X) = F,, where n is the number of edges in X\T .

Proof. Since T contains every vertex, the quotient X /T" collapses T" into a point and
each edge in X\T into a cycle. Thus, X /7T is homeomorphic to \/;_, S'. By proving
that the quotient map ¢ : X — X /T is a homotopy equivalence, the theorem will
follow from example 4.4] and the fact that the fundamental group is a homotopy
invariant. Fix a vertex vy in X, and for each other vertex v;, let u; be a path from v
to v; in T. Define a map s : X/T =~ \/S' — X by sending a circle corresponding to
the edge e from a vertex v; to vy to the concatenation u, -e-u,; . The composition gos
on any cycle in the wedge looks like vy - 1g1 - vg, which is homotopic to the identity.
We can find a deformation retraction of 7" contracting it to vy and thus the two maps
S0 q‘T and 17 are homotopic. We can then extend such a homotopy on all of X by
specifying a homotopy from each edge e in X\T" with endpoints u; and u; to u;-e- u;
which is easily done. O
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Chapter 5

Interlude on Inverse and Direct
Limits

In this chapter, we will describe two important constructions: the inverse limit (or
projective limit) and the direct limit (or injective limit)[| These constructions are
characterized by the same universal properties for sets, groups, and topological spaces.
To avoid repetition, we will sometimes refer sets, groups, and topological spaces
by the generic word “object”, where the maps between the objects depend on its
type: functions for sets, homomorphisms for groups, and continuous functions for
topological spaces.

5.1 Universal Properties
An inverse system is a sequence of objects {X,,},eny and maps f, : X411 — X, EI

xSy x, I Ry, S

The wnverse limit of this system, denoted as llm X,, is an object X together with

projection maps g, : X — X, such that for every n € N, the diagram

X
QV ln
Xn+1 f—> Xn

commutes, and it is universal in the following sense: for any other object X’ with
maps g, : X' — X, satisfying f,, 0 g, = g,, for all n, there exists a unique map

! Confusingly enough, in the general setting of category theory an inverse limit is an example of
a limit, whereas a direct limit is an example of a colimit.

2What we describe here is in fact a special case of a more general construction of inverse limits
in which the indexing set of the system need not be N, but can any partially ordered set.
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h: X' — X making the the diagram
X X

P
X

commute for every n. In other words, the pair (X, {gn}nen) is the terminal one
among all such objects with compatible maps. We can summarize the definition in
the following commutative diagram.

i 92
h 9n
| rp—
g gn
X = lim X,, ' $ X, S X,
—n fn fn—1 f2 f1

The notions of a direct system and a direct limit are defined similarly but with all
arrows reversed (we call these constructions duals for this reason). A direct system is
a sequence of objects {X,, }nen and maps f, : X, — X, 41.

X, Lex, Ly xSy I

The direct limit of this system, denoted as hm X,,is an object X together with maps
: X, — X such that for every n € N, the dlagram

X —> Xn+1

| A

commutes for all n, and it is universal among such objects; i.e. given another object
X' with maps ¢, : X,, — X’ satistying g,, ., © f, = ¢/, for all n, there exists a unique
map h: X — X’ such that hog, = g,.

The direct and inverse limits, if they exist, are unique up to a unique isomorphism
making the obvious diagram commute. By an isomorphism we mean a map ¢ : X —
Y such that there exists a map ¥ : Y — X with ¢ oy = 1y and ¥ o ¢ = 1, which
generalizes a bijection of sets, an isomorphism of groups, and a homeomorphism of
topological spaces. We will show the uniqueness for the inverse limit and the proof
for the direct limit is analogous.

Proposition 5.1. Let X and Y, with projection maps {gn}neN and {hp}nen TESpEC-

tively, be inverse limits of the inverse system ... X2 Xy. Then, there is a
unique isomorphism ¢ : X — Y such that h,, o ¢ = g, for all n € N.
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Proof. By the universal property of Y, we have a unique map ¢ : X — Y satisfying
the required commutativity condition. Similarly, by the universal property of X, we
have a unique map v : Y — X such that g, o ¥ = h,, for each n. We will show that
these are mutual inverses.

Notice that both of the maps @ o ¢ and 1x are solutions for s in g, o s = g,.
Considering the uniqueness of the map in the universal property when taking both
X and X’ to be X with projection maps g,, we conclude that 1) o ¢ = 1. Similarly,
¢ o1 and 1y are both solutions for ¢ in h,, ot = h,, and so by uniqueness again we

get QSO@/}:]ly.

N

— X > X,

~

]

5.2 Inverse and Direct Limits of Sets, Groups, and
Topological Spaces

Although the universal properties uniquely characterize the inverse and direct limits
(when they exist) in a very general setting, it is useful to understand the “microscopic”
structure of these objects in the specific context of sets, groups and topological spaces.
By giving their explicit construction, we will have also proved that when our objects
are sets, groups, or topological spaces, the inverse and direct limits always exist.

Given an inverse system of sets ... ELN X5 Lx 1, the inverse limit of this system
is given by

lim X, = X := {(xl,xg,...) € HX" x; = fi(zi_1) VieN},

neN

with projections given by the restrictions of the natural projections p; : [ [, .y X»n — X;
to X. By uniqueness of the inverse limit, it is enough to verify that X satisfies the
universal property. Assume there is a set Y and projections {g; : Y — X;};en. Then,
the mapping y — (91(y),92(y),...) is the unique function h : ¥ — X satisfying
pi|x oh = g; for every i € N.

The same construction gives the underlying sets of the inverse limit of groups and
of topological spaces. In the case of groups, X is viewed as a subgroup of the infinite
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direct product [ [, .y X» (whose underlying set is the infinite cartesian product and
in which the operation is component-wise multiplication). It can be easily verified
that the functions described for sets are homomorphisms. In the case of topological
spaces, X is viewed as a subspace of the product [ [ _ X, equipped with the product
topology and is topologized as such. Again, the maps defined for sets are continuous
in this case, and so the universal property holds. Equivalently, one can equip X
with the coarsest topology making the projection maps continuous (called the initial
topology).

Let X; EiN X5 22, be a direct system of sets, and for every i < j define
fi;j : Xi = X; by fi; = fjofj—10---0 f;. The direct limit of this system is

@anXzqun/~,
neN

the quotient of the disjoint union of the sets X,, by the equivalence relation given
by z; ~ x; for x; € X; and z; € X; if and only if there is some & € N such that
fir(xi) = fjx(z;). In other words, elements that eventually map to the same image
are identified. The maps X; — X are the maps that send an element to its equivalence
class, which clearly satisfy the commutativity requirement. Moreover, if a set Y is
given along with maps {g; : X; — Y}y satisfying the commutativity condition,
then we can define a map h : X — Y on each equivalence class by selecting any
representative from that class, say z; € X; and setting h([x;]) = ¢;(x;). This is
well-defined by the compatibility of the maps ¢g; with the direct system. Thus, the
universal property holds for X.

Again, the same construction works as the underlying sets of the direct limit of
topological spaces. X is given the quotient topology on the disjoint union of the
spaces X,, with respect to the equivalence relation ~. Equivalently, the topology on
X is the finest topology making the maps X; — X continuous for all i € N (called
the final topology). For groups, it is almost the same construction except that now,

instead of the disjoint union, we have the free product; ie. lim X, = #,en X, / ~,

«~n

with the same equivalence relation ~. If z; € X; and x; € X;, multiplication is
defined by [x;][x;] = [fix(z:) fix(x;)] for any k = 4, j. Well-definedness can be easily
checked, and the group axioms are inherited from those of the groups X,. Under
this group structure, verifying that the maps described for sets are homomorphisms
is also straightforward.

3Notice that the universal property for the free product described earlier precisely characterizes
disjoint unions when groups and homomorphisms are replaced by sets and functions. Both concepts
are manifestations of the same categorical construction called coproduct. Coproducts are the duals
to products, and quotient objects are duals to sub-objects, which clarifies the connection between
the seemingly unrelated constructions for the dual notions of direct and inverse limits.
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Chapter 6

Non-Semilocally Simply Connected
Spaces

Recall that a space is called wild if it is not semi-locally simply connected at one or
more of its points (see definition , i.e. if there is a point in the space from which
it is possible to construct arbitrarily small loops that are not nullhomotopic. In this
section, we will study some examples of wild spaces and their degree of wildness.

6.1 The Hawaiian Earring

Our first example of a wild space is the Hawaiian earring. Define the circle C,, =
{(z,y) e R? | (x — 2)* + y* = &} centered at (1/n,0) with radius 1/n. The Hawaiian
earring is then defined as the union H = | J,., C, of all these circles, which are
mutually tangent at zy = (0,0) (see Figure [3.3). We give H the subspace topology
from R2. At first glance, one might think that this space is homeomorphic to a
countable wedge of circles. One way to see that this is not true is to note that
H is a closed and bounded subset of R?, and is therefore compact by Heine-Borel
Theorem; whereas the countably infinite wedge of circle is not compact since, for
example, taking an open cover in which each open set covers one full circle and a
small neighborhood of the basepoint of every other circle, we easily see that it has
no finite subcover. Indeed, we know from example that the fundamental group of
the countable wedge is sk,enZ, while the fundamental group of the earring will turn
out to be a much more intricate object.

Another way to define the Hawaiian earring is via inverse limits. Let X, =
UZ:1 Cy. For each n € N, there is a retraction r, : X,,,1 — X, that collapses the
circle C,, 11 to x¢ and acts as the identity on the circles Cy for k < n. This gives the
following inverse system.

Tn+1 T T'n—1 T2 71
— Xy — X, —— ... > Xo .¢

Proposition 6.1. H = lim X,,.
Proof. Let fr : H — X} be the map obtained by collapsing all circles in H\(C U
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Cy v -+ U Cy) to zp, and maps each C; for 1 < i < k homeomorphically via a map
h; into the corresponding circle. These maps are compatlble with the inverse system,
ie. rp_q10 fr = fr_1 for every k. Therefore, by the universal property, we have a
unique map f : H — lin}l X,, making all the obvious triangles commute. Notice that

if z € H is a point on the n'* circle, we have

f(z) = (zo, xo, ..., To, hn(T), hp(x),...) € lim X,, < HX”’

n=1

where the first occurrence of h,(z) is at the n'® position. Assume that f(z) = f(y)
for some x,y € H By comparing the tuples we conclude that x and y lie in the
same circle, say the n'* circle, and that h,(z) = h,(y). Thus, x = y since h, is a

homeomorphism. Moreover, every element of llm X, is a similar tuple and so it is

in the image of f. Therefore, f is a continuous bl_]GCthl’l Since the inverse limit is a
subspace of the product, and since the product of Hausdorff spaces is Hausdorff and
a subspace of a Hausdorff space is Hausdorff, llm X, must be Hausdorff as an inverse

limit of Hausdorff spaces. Since f is a contlnuous bijection from a compact space to
a Hausdorff space, it must be a homeomorphism (for a proof, see Theorem 5.24 of
[Cro05]). O

The topology on H is coarser than that of \/, ., S!. Indeed, there are natural

maps from the wedge to each of the spaces X,, that are compatible with the inverse
system, and so we get a continuous map \/ _,S! — H by the universal property of
the inverse limit.

The Hawaiian earring is one of the simplest wild spaces in a sense: it only fails
to be semi-locally simply connected at a single point. The following definition due to
Brazas is useful for studying the degree of wildness of a space.

n=1

Definition 6.2. [Bra20] Given a space X, the topological 1-wild set of X is defined
as w(X) = {z € X | X is not semi-locally simply connected at x} equipped with the
subspace topology.

In this notation, we write w(H) = {x}.

6.2 Related Spaces

Once we have the Hawaiian earring, we can define other wild spaces in various ways.
The double Hawaiian earring, for instance, is a space constructed as follows. Let C,
and D, be the circles of radius 1/n centered at (£,0) and (—1 — £,0), respectively.
Then the double earring is defined as DE = ( J,-, Cp, U ([-1,0] x {0}) U ,;51 Dn- Its
topological 1-wild consists of the two points (—1 O) and (0,0).
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Figure 6.1 the double Hawaiian earring

Consider the open path-connected sets U = | J,-; C, U ((—1,0] x {0}) and V' =
Ups1 D v ([-1,0) x {0}) with the basepoint (—3,0). By applying van Kampen
theorem, we see that 71 (DE) = 7y (H) » 7 (H).

One can construct much more complicated spaces using the earring. The wild
circle, W, is defined by attaching a copy of H at each point of S! as shown in Figure
. Note that w(W) = S! with its usual topology. Given compact, connected, locally
connected metric spaces X and Y, it was shown by Eda that if w(X) and w(Y") are
not homotopically equivalent, then X and Y themselves are not homotopy equivalent
[Edal0]. So each of the three spaces we described so far are of different homotopy
types. The proof of this theorem, however, is beyond the scope of this thesis.

Figure 6.2 the wild circle

There are wild spaces in higher than one dimension as well. One such space is the
harmonic archipelago, HA. Consider the disc D < R? of radius 1/2 and centered at
(1/2,0,0). Draw a copy of the Hawaiian earring on D, and let C,, denote the n'® circle
of the earring, as before. For each n € N take a small disc F,, between C,, and C,, 1
and push it upwards to make a “hill” of height 1. More formally, if K, is a (smooth)
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cone of height 1 above E,, then HA = D\ (U,.», Int(E,)) U (U=, K»). This space is

different from all the previous spaces in that it is not compact; indeed, if the top point

of the n'* hill is denoted by a,,, then lim a, = (0,0,1) ¢ HA. Although it may seem
n—a0

at first glance that HA is contractible, the compactness of I x [ will necessitate that
no homotopy deforms a loop over infinitely many hills, as we will show in Chapter [§]
The harmonic archipelago is thus not semi-locally simply connected at (0,0,0), and

w(HA) = {(0,0,0)}.

Figure 6.3 the harmonic archipelago
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Chapter 7

The Fundamental Group of the
Hawaiian Earring

In chapters|3| we saw the importance of universal coverings in calculating fundamental
groups. The Hawaiian earring, however, possesses no universal covering. Last chapter,
we expressed the earring as an inverse limit of an approximating sequence of semi-
locally simply connected spaces, each of which has a universal covering. In this
chapter, we will be able to use these coverings to construct a space that “almost
covers” H, in the sense that it would enjoy many of the lifting properties that universal
covers have. This will allow us to realize the fundamental group of the Hawaiian
earring (henceforth referred to as the Hawaiian group) as a subgroup of the inverse
limit of fundamental groups of the approximating spaces. As a result, we will be able
to give a combinatorial description of the 71 (H) in terms of “transfinite words”. As
we will see, this approach easily generalizes to many other 1-dimensional spaces. The
approach we take is due to Eda and Kawamura [EK98] building on the ideas of Curtis
and Fort [CEF59], and an exposition of it can be found [Bral3l Bral9al [Bral9b].

7.1 Wild Loops

For every n > 1, denote by ¢, : I — H the loop that traverses the n'* circle of
the earring. Intuitively, it seems that the homotopy classes of the loops ¢, should
generate the Hawaiian group. But these are not generators in the standard sense due
to the fact that we can have infinite words in the letters [¢,]. For example, the map
v : I — H defined on the interval [”T_l, —=] for each n > 1 to be the loop traversing
the n'* circle of H and (1) = z¢ = (0,0) gives us a loop in H. It seems that the
homotopy class [y] = [¢1 -2 - l5 - ...] does not belong to the free subgroup in 7 (H)
generated by {[¢1],[lz],...}. Indeed, the following proposition, along with the fact
that the free group on countable generators is countable, shows that m; (H) is vastly
more complicated.

Proposition 7.1. 7 (H) is uncountably generated.

Proof. It suffices to show that 7; (H) is uncountable. Define the direct product | [, Ga
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of groups G, to be their cartesian product with the operation of component-wise mul-
tiplication. We will prove the theorem by finding an injection from the uncountable
group [[,.yZ/2Z into m (H). Given a sequence s = (a,) € Z/2Z, define a loop
vs : I — H by setting (1) = xo and letting the image of [”T_l, 5] be constant at
79 if a, = 0, and be the loop traversing the n'* circle of the earring otherwise. Given
s = (a,) # (b,) = t, then, WLOG, there exists N € N such that ay = 1 and by = 0.
Let gy : H — Cy be the retraction that collapses all circles to x, except for the N*"
circle. Then in m(Cy) = Z, [gn o {n] = [gn ©7s] = 1, whereas [gy o] = 0. So
[vs] # [1¢], and the map s — 7 is injective. O

It seems that we are able to take infinitary products inside the Hawaiian group.
However, the algebraic definition of a group formally only allows finitary products.
For a discussion on what makes this possible in the Hawaiian group, see the last
section of this chapter, and for more comprehensive treatment of this phenomena
refer to [Bral8, [CCO0).

7.2 Combinatorial Structure of the Hawaiian Group

In Theorem we showed that the Hawaiian earring is homeomorphic to the inverse
limit of the system

Tn—1

Tn+1 T 79
= X —— X, » X,

r

1
> X17

where X,, = | J,_, Cx with the subspace topology from R? and for each n, r, is the
retraction collapsing the C,, 1 to the basepoint. Notice that X, is homeomorphic
to \/}_; S', and we have computed the fundamental group of the wedge of n circles
as m (\/j_; S') = F,, generated by g1, ga, . . ., gn, Where g; is represented by the loop
traversing the n'” circle. Applying 7 to the whole inverse system, we get the following
inverse system of groups.

TnJrl# 7'n# T'nfl# T2# Tl#
. — Fo > F, > I > FY,

where the bonding map 7,, “kills” g, and sends every other generator to itself.
Taking the limit of this system we get a group lim F,,. Let ¢, : H — X, be

the map collapsing all but the first n circles to the basepoint xy. Then, by the
universal property of lim F},, the family of maps ¢, : 7 (H) — F,, induces a canonical

homomorphism ¥ : 71 (H) — lim F,,. It turns out that the map W is injective, which
allows us to understand the Hawaiian group as a subgroup of lim F;,. This is called the

Shape Injectivity Theorem, which was first proved by Morgan and Morrison [MMS86].
This result is far from trivial and we will devote the next two sections to it, following

IThis group is known as the first Cech homotopy group or the first shape group of H, and is
usually denoted by 71 (H). There is a general construction for Cech homotopy groups, but it is not
always defined via inverse limits as it is here.
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another proof due to Eda and Kawamura. [EK9§|. But before we do this, let us see
how this theorem helps us understand the combinatorial structure of the Hawaiian
group.

Recall that elements of EF" are sequences (wy, Wy, ...) of words with w,, € F,,
and ¢y, (Wny1) = wy,. In other words, removing all instances of the letter g, from
the word w,, and then reducing gives us precisely the word w,,. The question then
remains: what is the image of W?

Proposition 7.2. U is not surjective.

Proof. Consider the sequence (w,) € lim F,,, where w, = (919291 95 )(919391 93 ) - - -

(919n91 9., )- Note that as n goes to infinity, the number of appearances of the letter
g1 grows arbitrarily. Thus, if ¥ were surjective, there would be a loop 7 traversing C
infinitely often. Assume this is the case and consider the loop ¢; oy : [ — X; = S’
We can lift it to the universal cover R of X starting at 0 to get path g ov: I - R
onto [0,00). But this is impossible due to compactness. O]

This gives us some idea of what kind of loops should be excluded.

Definition 7.3. Given w € F,, define #r(w) for 1 < k < n to be the number of
appearances of gy or g, in the reduced word w. A sequence (w,) € lim F,, is called

locally eventually constant if for every k = 1 there exists N € N such that #(w,,) is
constant for alln > N i.e. the sequence (#r(n)),=1 is eventually constant for every
k. Define XyZ < lim F,, called the free o-product of Z, to be the subgroup of locally

eventually constant sequences.
Theorem 7.4. ¥ embeds 71 (H) isomorphically onto Xy Z.

Proof. We will prove injectivity in Theorem [7.14] but for now let us focus on surjec-
tivity. If ¥([]) = (w,) is not locally eventually constant, then there is some k such
that the number of appearances of g, and g, in (w,) is unbounded. This gives a
contradiction as in Proposition . Therefore, Im¥ < >}(<I(<IZ.

Let C < I be the middle-third Cantor set. Let | J,.,(ax,br) be its complement
I\C, which consists of countably many open intervals. Define a loop v : I — H
by setting v(c) = xq for all ¢ € C, and letting v on every interval (ay,by) be either
constant at xy or the loop corresponding to g, for some n; > 1. In that way, we can
define a loop corresponding to any sequence (w,,) € ngIZ. More formally, this follows
from the fact that there is an order preserving injection from any countable totally
ordered set (in this case the pseudo-generators in the transfinite word corresponding
to (wy,)) into a dense totally ordered set (in this case the set of open intervals in I\C
with the natural order it inherits from I). ]

7.3 Trees and Dendrites

Although the Hawaiian earring has no universal covering, each space X, in the in-
verse system we described does. Given a free group F,, and a set of generators
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A={ay,...,a,} for F,, define its Cayley graph X, as follows: put a vertex for every
element of F),, and if two vertices g, h € F), are related by an equation of the form
g = hay, for some 1 < k < n, connect the two vertices by an edge labeled a;. Define
amap pn : Xn — Xn = \/i_; S' by sending every vertex to the basepoint xy and
mapping the interior of every edge with the label a; homeomorphically to the k"

copy of S'\{x}.
Proposition 7.5. The map p, : X’n — X, is a universal covering.

Proof. Continuity is immediate from the definition. The preimage of a sufficiently
small neighborhood not containing x( is a countable union of disjoint intervals home-
omorphic to it. Moreover, the preimage of a sufficiently small neighborhood of
(not containing any full circle) is a countable union of neighborhoods homeomorphic
to that neighborhood of x, where the k" circle comes from the edge labeled ay.

So it remains to show that X,, is simply connected. Suppose we have a loop in
Xn, which means that there is a word w € F,, and generators ay,, a,, ..., ak, such
that w ag, ag, - . . ax,, = w. Multiplying both sides from the left by w™!, we see that
there must be a reduction of ag, ay, ... ay, to the empty word. But since any instance
of the loops corresponding to aka,gl can be contracted to its basepoint, this reduction
gives a nullhomotopy on the whole loop. O]

Wil BhiN
4 |bag
b
a e a
a * a
b
il BN
1
4 b

Figure 7.1 Cayley graph of the free group generated by {a,b}. Edge labels are in red
and vertex labels in black
The following is an important property for the study of wild spaces

Definition 7.6. An arc in X is a subspace of X homeomorphic to I. X is called
uniquely arc-wise connected if for any two distinct points x,y € X, there is a unique
arc in X whose endpoints are x and y.

Recall that a simple closed curve in X is a subspace of X homeomorphic to S'. We
have the following characterization of uniquely arc-wise connected spaces.
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Proposition 7.7. If X is uniquely arc-wise connected, then X is path connected and
contains no simple closed curve. The converse holds if X is weakly Hausdorff (i.e. if
the image under a continuous function of a compact space in X is closed).

Proof. Since S! is not uniquely arc-wise connected, nor is a space containing a simple
closed curve. Assume that X is weakly Hausdorff, path connected, but not uniquely
arc-wise connected. So we have two arcs A, B with the same endpoints. WLOG, there
is a point a € A\B. A and B are closed in X since it is weakly Hausdorff, and so An B
is closed in A and A\(AnB) = A\Bisopenin A. Let u : I — A be a homeomorphism,
and let (c,d) be the component of u~!(A\B) containing u~!(a). Let A" = u([c,d])
and B’ is a subarc of B with endpoint u(c) and u(d), then A" n B’ = {u(c),u(d)} and
A" U B’ is a homeomorphic image of S', i.e. a simple closed curve. n

Remark: Containing no simple closed curve and being simply connected are inde-
pendent conditions. For example R? contains simple closed curves and it is simply
connected. Conversely, the non-Hausdorff space X = {a,b, ¢, d} with the topology
T = {,{a},{b},{a,b},{a,b,c},{a,b,d}, X}, called the pseudo-circle, has the same
fundamental group as S* while containing no simple closed curve!

Proposition shows that the universal covers X,, of the approximating spaces
for H are trees. We wish to have a space that retains enough of the properties of
universal coverings for H. A reasonable first guess would be to try to form an inverse
system of the spaces X,, and consider their inverse limit. It is therefore useful to
understand the inverse limits of trees. It is easy to see that trees are contractible and
uniquely arc-wise connected. Now given an inverse system of trees

fnfl

SN Thin In o N N |

1
> T17

if two points are mapped by f, to the same point, then the unique arc connecting
them is mapped to a subtree of T},. Therefore, we should not have any simple closed
curve after we glue the trees in the inverse limit. Before we prove this, we need the
following lemma.

Lemma 7.8. Suppose A is an inverse limit of a system . .. ELN Ag EiN Ay of Hausdorff

spaces, with projection maps g, : A — A,. If X andY are disjoint compact subsets of
A, then there is n = 1 such that g,(X) N g, (Y) = &. Moreover, gi.(X) ng,(Y) = &
for every k = n.

Proof. The last statement follows immediately from the preceding one by contrapo-
sition. Assume towards a contradiction that for every n > 1 there are x,, € X and
yn € Y such that g,(z,) = gn(yn), and so gi(x,) = gr(y,) for 1 < k < n. By com-
pactness of X and Y, we can find two subsequences {z,,} and {y,,} that converge to
x € X and y € Y respectively. Since A is Hausdorff as in inverse limit of Hausdorff
spaces, limits of sequences in A are unique; so it suffices to show that {y,,} also
converges to x.

Since the inverse limit is a subspace of the product, the neighborhoods of a of the
form U = An]], Uy, where U, < A, is a neighborhood of g,,(a) and U,, = A,, for all
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but finitely many n, for a basis form all neighborhoods of a in A. Since f,0¢,11 = gn,
and by continuity of f,,, we may replace U, 1 by U,y1 0 W41, where f,(W,41) € U,.
Repeating this process finitely many times until the maximum n for which U,, # A,
we get a basis of neighborhoods of @ in A consisting of sets U = An [ ], U, such that
there exists N € N with f,(Up41) € U, for 1 <n < N and U,, = A, for all n > N.
Let U be an arbitrary neighborhood of x of the type described above. Since
{zn,} — z, there exists J € N such that for all n > 1, z,,, € U, for every j > J. We
choose J large enough so that ny > N, and let j > J. Since g, (2n,) = gn,; (Yn,), We
also get gi(zn;) = gr(Yn;) € Uy for all 1 < k < nj. Additionally, n; = n; > N implies
that gi(yn,) € Uy for all 1 <k < N (and also trivially for & > ). Therefore, for all
Jj=4J, yn, € U and {y,,} converges to x. O

Theorem 7.9. An inverse limit of trees contains no simple closed curves.

Proof. Let ... ELN 15 ELN T be an inverse system of trees and let X = lim 7,, be
«—nNn

their inverse limit with projection maps g, : X — T,. X is Hausdorff as an inverse
limit of trees which are themselves Hausdorff. Assume towards a contradiction that
f:S! — X is an embedding of a simple closed curve, and for i = 1,2, 3,4 let S; denote
the image under f of the intersection of S! with each of the four quadrants of the
complex plane (including the bounding axes and arranged counterclockwise starting
with the positive-real positive-imaginary quadrant). Note that S;1nS; = Son S, = .
Let z = f(1) and y = f(—1). Let u; be the path traversing S; in an orientation such
that u; - up and uy - uz are the two arcs in f(S!) from z to y.

By the previous lemma, there exists m € N such that g,,(51) N gm(53) = gm(S2) N
gm(S1) = . In particular g,,(x) and g,,(y) are distinct and are thus connected by
a unique arc in 7,,. Let o : I — T, traverse this arc from g¢,,(x) to gn.(y). So
« is the reduced (i.e. containing no nullhomotopic subpath) representative of both
gmo(uy-uz) = (gmour) - (gmous) and gm0 (ug-us) = (gmouy) - (gmous). Considering
the homotopy from (g, o u1) - (gm © uz) to «, we see that an initial segment O"[o,s] lies

in g,,(S1) and a terminal segment a‘[s 1 lies in Sy. Similarly, there is ¢t € I such that

a‘[& q lies in g,,(S4) and Oé’[t,l] lies in S5. Therefore, one of the following cases occur:
e s <t so that a([s,t]) € S2 n Sy;
e t < s so that a([t,s]) € S; nSy; or
e s =1so that a(s) € SN S N S3n Sy

In every case, we get a contradiction. O

Corollary 7.10. FEvery path-component of an inverse limit of trees is uniquely arc-
wise connected.

Before we prove shape injectivity, we need to introduce one last tool from contin-
uum theory. First we make the following definitions.
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Figure 7.2 the arc hedgehog

Definition 7.11. A Peano continuum X is a Hausdorff space such that there is a
surjection I — X E| A dendrite is a Peano continuum containing no simple closed
curve.

A typical example of a dendrite is the so-called arc hedgehog, denoted by ah(w),
which is the countable wedge of intervals of length 1/2" glued at an endpoint. It
is not hard to see that the arc hedgehog can be realized as an inverse limit of trees
as shown in Figure [7.2] The following theorem tells us that this is always true for
dendrites. For a proof, see Theorem 10.27 of [Nad92].

Theorem 7.12. Fvery dendrite is homeomorphic to the inverse limit of trees T,
where Ty = I, T, 1\T), is an arc, and the bonding retractions vy, : T,11 — T, collapse
the the arc T, 1\T), to the attachment point T, 1\T,, N T,, = {pn}.

The next theorem will be crucial for the proof of shape injectivity.
Theorem 7.13. Dendrites are contractible.

Proof. Suppose D is a dendrite. From the previous theorem, D = lim 7, where
«—n

.2 Ty X5 Ty = I are trees with each retraction r,, contracting a single arc added.
Let vy = 0 be the basepoint of 77, and since the bonding maps r, are retractions,
we may take vy to be the basepoint of all trees 7,,. We wish to contract D to the
point zg = (vg, vg,...). We will proceed by induction. Let Hy : T} x I — Tj be
the contraction given by Hi(x,t) = tx, and suppose that we have constructed a
contraction H,,_1 : T,_y x I — T,,_1 with H,_1(z,0) = vo and H,_1(z,1) = z. Let A
be the added arc T,,\T,_; and let ag be its point of attachment. Let G, : T,, x I —
(Th—1 x I) U (A x {1}) be a retraction satisfying G,,(A x I) < ({ao} x I) u (A x {1})
and G, (A x {0}) = {(ap,0)}. Define K,, : (T,,_1 x [) U (Ax {1}) > T,, on T,,_1 x I to
be the same as H,,_1, and on A x {1} by K, (a,1) = a. Then the map H,, := K, oG,
is a contraction of T), extending H,,_1.

After constructing the contractions in this way, we get the following commutative

diagram.
T2 X ]l[ 1 X ]1[
—

T2X1—>T1XI

n ry T

2Peano continua are sometimes defined as connected, locally path-connected, compact, metrizable
spaces. The equivalence of these two definition is the statement of Hahn-Mazurkiewicz Theorem
(see Theorem 8.18 of [Nad92]).
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Since the bonding maps of the top inverse system act as the identity on the interval,
we have lim(T,, x I) = (imT,) x I = D x I. Let g, : D x I — T, x I be the

projection maps. Then, we get projections to H,, oq, : D x I — T, to the bottom
inverse system, which induce a canonical map H : D x [ — lim T, = D.
«—n

q1x1y
M \
m r1x1

D x I = lim(T, x I) ToxI ——= Ty x1I

«~n

I
5 o |
+

. r2 T1
D~ 1lim T, > Th > 17
«—n

Finally, if d € D, then H(d,0) = (H1(¢q:(d),0), H2(g2(d),0),...) = (vo,v0,...) = Xg
and H(d,1) = (Hl(ql( ), 1), Ho(q2(d), 1),...) = (q1(d), q2(d),...) = d. Therefore, H
is the desired contraction. O

7.4 1-Dimensional Shape Injectivity Theorem

We are finally ready to prove the Shape Injectivity Theorem. Recall that we had an
inverse system ... = X, - X; whose inverse limit is H. The images under 7, of the
projections of H onto X, induce a canonical map ¥ : 7y (H) — lim 7 (X,,) = lim F,.

Moreover, every space X, has a universal covering map p, : X,, — X,,, where X, is
the Cayley graph of F},, which is a tree.

Theorem 7.14. The canonical map ¥ : m(H, z¢) — lim F,, injective.

Proof. We will show that the kernel of ¥ is trivial. Suppose v : I — H is a loop
based at rq with 1, oy : I — X, nullhomotopic for every n > 1. Fix a basepoint Z,
in each covering space X,,. Since (rn Opn+1)#7r1(Xn+1, Tpi1) = {e} = pn#m(Xn, Tn),
it follows by Theorem m that there is a unique lift s, : Xp+1 — X Of 7 © Pria
satisfying s,(Z,4+1) = z,. So we get the following diagram.

lim pp, p1
«—n
+ \\
. T3 T2
Hgllan 7 3 /X2 /X]_
N

Moreover the composition of p, with the projections lim X, — X, induce a map
R £
lim p, : lim X,, — lim X,, = H. Let H be the path component of lim X,, containing
«—nN «—nN N «—nN
the point o = (Z1,Z2,...), and let p : H — H be the restriction of lim p,. The map
«—nN
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p is not a covering (in fact H is not even locally path-connected), but it exhibits many
of the nice lifting properties of coverings.

By Corollary H is uniquely arc-wise connected. Let 4, be the projection of
v to X,, and let 4, be its unique lift to X, starting at i, (it will also end at &, by
part (ii) of Theorem [3.9| since ~,, is nullhomotopic). From the following diagram,

VTLT\

Xpp1 —5 X,
/
’Yn+1 lp"‘*'l l
Y+l
\ X " X,

Pr© Sp 0 Vsl = Tn © Prut1 © Yntl = Tn © VYns1 = Yn. Therefore, s, 04,1 and 7, both
lift ~,, and are based at Z,, so they are identical by uniqueness of path lifting. Since
the loops 7, are compatible with the top inverse system, from the universal property
of the inverse limit, we get a canonical loop 7 : [ — (h_m X,, based at i making the
whole diagram commute. !

Let D = Im#, which is a Peano continuum by definition. Moreover, since D is
path-connected and contains zy, D < ]HI and therefore contains no simple closed loop,
i.e. it is a dendrite. By Theorem [7.13, D is contractible, so 7 is nullhomotopic in H

as it factors through a contractlble subspace. Therefore, v = p o 4 is nullhomotopic
in H and ker ¥ is trivial.

]

Notice that throughout the proof, we did not use any specific properties of H,
except that it is the inverse limit of spaces whose universal coverings are trees and
whose fundamental groups are free. Additionally, the proof of Proposition easily
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generalizes to any graph giving us a tree as a universal covering, and Theorem
proves that the fundamental group of any graph is free. So we get the following more
general version of the theorem.

Theorem 7.15. (1—Dimensional Shape Injectivity Theorem). Given an inverse sys-
tem of graphs ... 2 Xy 5 Xy, the canonical map m (hm Xn> — lim m (X,,) into

the inverse limit of free groups is injective.

7.5 Algebraic Wildness of the Hawaiian Group

So far we have seen that there is some notion of multiplication of infinitely many
elements of m1(H). In general, however, such an infinitary product is illegal in a
group, so there should be some additional structure that 1 (H) enjoys, which allow
for these infinitary products. We want to instigate this phenomena in a more general

setting.
Suppose we have a group G and elements ¢, g2, 93+ € G. We want to be able
to form a product g, = ¢g19293 . ... Similarly, we should be able to form any product

In9n+19n+2 - - - such that

91 (919293 --.) = 929304 - - -,

95971 (919293 - . ) = 939495 - - - , ete.

In other words, we need a sequence of “tails” t1,ts, 13, -+ € G satisfying t; = g, and
tn = gntni1 for every n > 1. So in order to assign a value in G for the infinitary
product, we should find a sequence of tails {t,},en and check that these relations
hold. Still, we run into the following problem. Take an arbitrary ¢ € G and let
t; = g; we can inductively solve for t,.; = g, 't, so that the infinitary product g
evaluates to g. Since g was arbitrary, our definition for the infinitary product will not
be well-defined. Even worse, if we start with any g # e and take g, = g for all n, then
g =11 = ggg--- = gty; but t; = ggg--- = t5 and so we get g = e, a contradiction.

So we need a notion of convergence in order to talk about infinitary products.
The following definitions will provide us with such a notion.

Definition 7.16. A filtration {G}}ken in a group G is a descending sequence of (not
necessarily distinct) subgroups G = Gy = Gy = Gy > .... A sequence g1, 92,33, ... 1S
said to be shrinking in (G, {Gy}ren) if for every k € N ther’e exists N, € N such that
for alln = Ny, g, € Gy.

Now, if we have a shrinking sequence {g,} and another shrinking sequence of tails
{t,} satisfying t,, = gnt,.1 for every n, we will call t; an infinite product of {g,}.
The following proposition tells us precisely when this notion is well-defined, i.e. when
infinite products of shrinking sequences are unique regardless of the choice of tail
sequence.

Proposition 7.17. Infinite products in (G,{Gy}ren) are well-defined if and only if

ﬂkeN Gy = {e}.
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Proof. If there is a non-identity element g € [),.y Gk, then both of the constant
sequences e, e,... and ¢g,g,... are shrinking and are tail sequences for e,e,.... So
the product ecee. .. is defined as both e and g.

To show the converse, suppose infinite products are not unique. Then, we have
a shrinking sequence {g,} with two shrinking tails {¢,} and {s,}, with s; # ¢;. Let
g = sy 't; # e. From the tail condition, we have s,5, 1, = gn = tal, 11, SO S, 1 1tns1 =
s-1t, for every n. In particular, s;'t, = s7't; = g for every n. Given any k € N,
both {t,} and {s,} are eventually in Gy, and since G} is a subgroup, so is {s, 't,},
which is the constant sequence g, g, .... Therefore, g € [,y Gk since it is in every

Gy. [l

We saw that in the case of fundamental groups we can, at least for some spaces,
take infinite concatenation of loops by defining the product loop on each of the count-
able segments [, 5] So what is the filtration we have in the case of fundamental
groups? Recall that a space is first countable at x if there is a countable set of neigh-
borhoods {Ug}ren of = such that for any neighborhood U of = there exists k € N with
Ui < U. Given such a countable collection of neighborhoods {Uy}ren around z satis-
fying Uy,  Ug,1 for every k € N, let Gy, be the image of the map 7 (U, x) — m (X, )
induced by inclusion. Then, {Gj}xey is a filtration on m (X, x). If X is semi-locally
simply connected at zq, then for all but finitely many k£ € N, GG, is trivial; in this case,
infinitary products are not as interesting since for a sequence of loops to be shrinking

in the filtration, all but finitely many of loops will be nullhomotopic.

Definition 7.18. [Bra20] A fundamental group m (X, x) is infinitary if there is a loop
v : I — X based x and a closed set {0,1} = C' < v~ '(x) such that I\C' has infinitely
many components (a,,b,), and for every n the subloop 7‘[%’%] 18 not nullhomotopic.
We call w1 (X, xo) infinitary if it is infinitary at some point x € X ; otherwise, it is
finitary.

The following characterization of spaces with infinitary fundamental groups illus-
trates the canonical role the Hawaiian earring plays in wild topology.

Proposition 7.19. A fundamental group 7 (X, z) is infinitary if and only if there is
amap f:H — X such that f(zo) = x and the restriction of f to each circle is not
nullhomotopic in X.

Proof. Suppose we have a loop ~ satisfying the previous definition, with +(C) =
x. Then, we have a map ¢g : I\C — X induced by restricting 7. Since I\C' has
countable infinite number of components, H\{zo} =~ I\C. Additionally, the restriction
of g to each component defines an image of a map on a circle of H which is not
nullhomotopic. So we can extend define the desired function f : H — X from g¢
through this isomorphism, and by setting f(c) = x, for all c € C.

Conversely, suppose we have a map f : H — X satisfying the statement of the
proposition. Let v, be the restriction of f to the n* circle. We can form the infinite

concatenation v = 7y;-72-... as usual by setting it on ["T’l, nLH] to be a loop homotopic
to v, and v(1) = 2. Then, C' = {O, 3, %, s .. 1} satisfies the definition. ]
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Chapter 8

The Fundamental Group of the
Harmonic Archipelago

So far we only dealt with fundamental groups of 1-dimensional spaces. In [FZ05],
Fisher and Zastrow proved a generalization of the 1-Dimensional Shape Injectivity
Theorem for all subsets of R?. The theorem fails, however, for subsets of R3. Here
we will examine such a space: the harmonic archipelago HA (defined in Chapter @,
a wild 2-dimensional space that was first introduced in [BS98]. We will give two
descriptions of its fundamental group, as a direct limit of a sequence of Hawaiian
earring groups and as a quotient of the Hawaiian earring group. The description we
give is not the most satisfying, though, as one is left wondering about how its elements
look in terms of generators and relations. Indeed, the combinatorial structure of the
fundamental group of HA remains quite mysterious! For more details and properties
of m (HA), see [Fab05l Bral4].

Recall that, in the notation of Chapter @, HA = D\ (o1 Int(Ey)) U (U1 Kn),
where D is a disk in R? on which a copy of H is drawn such that the basepoint of H
is o = (0,0,0), E, is a disc between the n* circle C,, and the (n + 1) circle C, 4,
of H, and K,, is a cone of height 1 above E,. Let H-,, = U@m C, € H. Clearly,
HA is path-connected and locally path-connected. As we discussed earlier, letting a,,
denote the top point of K,,, we see that nhrrolo a, = (0,0,1) ¢ HA, so HA is not compact.

Similarly, if X is a compact space and we have a map f : X — HA, then for any
e >0, f(X) can only hit finitely many of the subsets T,,. = {(x,y,2) € K,, | z = ¢}
since otherwise we get a sequence {b,} in f(X) converging to (0,0, z) with z > 0.
Therefore, any homotopy H : I x I — HA of the loop ¢, traversing the circle C,, can
only deform it over finitely many hills by compactness of I x I. So none of the loops
0, is trivial, and yet [{,] = [{,,] for all n,m € N as the next lemma shows.

Lemma 8.1. Every loop v : I — HA based at xq is homotopic to a loop v, : I — Hx,,
for each m = 1.

Proof. By the previous remarks, the image of v lies in a space of the form

Y = HA\ (U,~\, Tn,c) for some k. Let D, denote the subset of Y between C,, and
Ch+1, which is homeomorphic to a disk, for 1 < n < k and homeomorphic to a punc-
tured disk for n > k. Moreover, for every n > k there is a deformation retraction
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F, : D, x I — D, satisfying F,(d,1) € C,, u C,,4; for all d € D,,, expanding the hole
of D,, into the entire disc. Similarly, there is a deformation retraction flattening the
hill K, into the xy-plane for every 1 < n < k and then contracting the resulting disk
between C and Cy,1 to C,1. Combining these two homotopies we get a deformation
retraction F': Y x I — Y satisfying F'(y,1) € Hsyy for all y € Y. The restriction of
F' to the image of v gives us the desired homotopy of loops. O]

Corollary 8.2. The map ¢ : w1 (H, z¢) — m (HA, zo) induced by inclusion is surjec-
tive; and if g, € m(H, zo) denotes the homotopy class of €, then ¢(g,) = ¢(gm) for
all n,m € N.

At this point, one is tempted to think that w1 (HA) is quite small; far from it, it is
actually uncountable! (see [Fab05] for a proof).

As a direct limit: Let s, : H.,, — H.,,; be the retraction mapping C,, home-
omorphically onto C), ., and let i, : Hs,.1 — H-, denote the inclusion. Since
$n 0ty = L, .\, (Sn0dn)g = Sn, Oln, = Lrma,,y). SO ¢, 1= 8y, is surjective
and i,, is injective. We call ¢, the induced retraction on fundamental groups. Let
¢ m(Hsy, x0) — m(HA, 20) be the homomorphism induced by inclusion. Then,
by Corollary 8.2, ¢n41 © ¢, = ¢,. Therefore, we have a canonical homomorphism
o : hITTlL 1 (Hs,, o) — 71 (HA, zg) by the universal property of the direct limit, as is

shown in the diagram,

/ /—32\\)

m (Hs1, o) . m1(Hso, zo) N lim 71 (Hs,,, z)

\m\@ B ;,

m (HA, o)

where j, denote the maps of the direct limit.

Theorem 8.3. The canonical map @ : lim my (Hs,, xg) — m (HA, x0) is an isomor-

—n

phism.

Proof. By Corollary B.2] ¢ = ®oj; is surjective, and thus so is ®. Since all ¢, are sur-
jections, lim 7y (Hs,, z¢) can be identified with a quotient of 7 (Hx1, ). Therefore,

to show injectivity, it suffices to prove that for any loop v : I — Hx; with ¢1([7])
nullhomotopic in HA, there exists n such that ¢, _j0¢, 50 --0ci([7]) is the identity in
Hs,. If ¢1([7]) is nullhomotopic in HA, then there is a nullhomotopy H : I x I — HA
contracting v to xg. Again, due to compactness, the image of H only hits finitely
many hill tops. Composing with the homotopy F' from Lemma we obtain a null-
homotopy contracting s, 108, 20---081 07 to xg. Thus, ¢,_10¢, 90 ---0c¢c; 07 is
the identity in H,,, as desired. O

Describing 7 (HA) as a direct limit gives us the following universal property.
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Corollary 8.4. Suppose Y is first countable at yy. For every shrinking sequence of
loops {Yntn=1 based at yo such that v, ~ V11 for all n, there is a unique induced

homomorphism f : m (HA, zq) — 71 (Y, o) such that f([£,]) = [Yn]-

Proof. Notice that the condition of the corollary is precisely the same as having a
sequence of maps g, compatible with the direct system of fundamental groups, and
the map f is guaranteed by the universal property of the direct limit.

C2

7T1(H>1,JZO) L> 7T1(H>2,ZL‘0) —_— ... lim 7T1(H>n,1‘0) = Wl(HA, IL‘[))

T
T,

(Y, %)

]

As a quotient of 7 (H): We wish to describe 1 (HA) as a quotient of the Hawaiian
group. To do that we will characterize the kernel of the surjective homomorphism
¢ : m(H) — m(HA). Recall that we can represent elements of 1 (H) as sequences
(wy) € an, i.e. where w,, is obtained from w, i by deleting all instances of g,,11,

and the number of times any g, appears in wy is eventually constant as k — 0.
Define o, on w, € F, as follows: if n < m, 0,,,(w,,) = 1, where 1 represents the empty
word; otherwise, let o,,(w,) be the reduced word in lim obtained after replacing each

«n

of g1,92,...,9m_1 by gm. Define p,, on lim F;, by

Pm(wWi,wa, .. .) = (op(wr), om(we),...) = (1,1,...,1, 0 (W), Om(Wmi1), - ).

It is clear that for every m > 1, the image of a locally eventually constant sequence
under p,, is also locally eventually constant.

Proposition 8.5. If [y] € m(H, zo) corresponds to (wy,ws,...) € im F,, then [y] €
ker ¢ if and only if there is some m = 1 such that p,,(wy,ws,...) is the identity of
lim F,,.

Proof. Tf [y] € ker ¢ corresponding to (wy,ws,...) € lim F),, then v is nullhomotopic

in HA. Composing this nullhomotopy with the homotopy F' from the proof of Lemma
8.1, we obtain a loop +" which is nullhomotopic in Hs,,. Notice that [7'] viewed as
an element in the image of m(Hs,,,zo) under the map induced by the inclusion
Hs,, — Hx; corresponds precisely to py,(wy,ws,...).

For the converse, suppose p,,(wy,ws,...) = (1,1,1,...) where (wy, ws,...) corre-
sponds to [y] € m(H, z¢). Then, ¢;,—1 © ¢p—g 0 -+ 0 c1([v]) = [20]. Therefore,

¢([7]) = @m0 Cp—10Cpm_20"0 Cl([’Y]) = [:EO],

from the diagram before theorem [8.3 O
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Alternatively, we can use van Kampen Theorem to characterize the kernel of ¢ as
follow.

Proposition 8.6. Let ¢ : m (H, xo) — m (HA, zo) be the map induced by inclusion.
Then, ker ¢ is the smallest normal subgroup containing elements of the form gng;il
(called their the conjugate closure).

Proof. Let Uy = {(x,y,y) € HA | z < 1/2} be the “chopped” archipelago; and for
each n > 1 let B, be an open disk (to be attached to close the n'* hill of Uy, at say
height 1/3), and let R,, be a narrow open ribbon between C,, and C,,; connecting
B,, to the basepoint x( so that any two such ribbons only intersect at a contractible
neighborhood of xy. Take U,, = B, UR,,. Then {U, },en is an open cover satisfying the
hypothesis of van Kampen Theorem. Notice that there is a deformation retraction
taking Uy to H and so m (U, xg) = m(H, z). Moreover, S, = Uy n U, is a circle,
and the generator of its fundamental group is identified by the inclusion ¢, : S,, — U
with the homotopy class g, g;il. The only nontrivial pairwise intersections in our open
cover are of the form Uy n U, and for each such intersection we have the following
diagram.

7Tl<U0, .T()) = 7Tl<H, $0)
e
/ n#

Wl(UO N Un, 330) = <gng;-|1-1> HA xO)

\
\\
™1 (Un, o) = {[z0]}
By van Kampen Theorem,

T (HA, zo) = (m1(Vo, 7o) * (*n>17T1 Un,20))) /N
(71'1(H,Q30)* LU(] /N:?Tl(H,ZL’O)/N,

lle

where N = ker ¢ is the smallest normal subgroup containing elements of the form
gng;il for every n > 1. =



Chapter 9

Further Directions

For spaces that are path-connected and locally path-connected, semi-local simple con-
nectedness is the obstruction to the existence of universal coverings. Understanding
the fundamental groups of these wild spaces is algebraically complicated due to the
existence of infinitary products, which are not usually encountered in classical com-
binatorial group theory. For many wild spaces, however, not all hope is lost. We
saw that for the Hawaiian earring, there is some sort of generalized covering space,
which exhibits some lifting properties that allowed us to identify 7 (H) as a subgroup
of its so-called first shape group. A theory for such generalized coverings is being
systematically developed, for example in [FZ07, Bral5].

As it is shown in [FZ05] building on [CF59, IMMS86, [Edal(], the fundamental
groups of any planar set canonically injects into its first shape group. These shape
injectivity theorems however fail even for subsets of R? for example see [FZ03].
Proposition tells us that we can use the Hawaiian earring as a test space for
the existence of infinitary products in the fundamental groups of other spaces. In-
deed, this was the approach used in Chapter |8 to understand the fundamental group
of the harmonic archipelago; still, it was difficult to make sense of its combinatorial
structure with this approach. For example, we are unaware of any “word calculus” for
the homotopy classes of loops in the harmonic archipelago as we had for the Hawaiian
earring.

Understanding the fundamental group of wild spaces in ambient dimension d > 3
remains wide open for research. One way to pursue this may be via examining how
they relate to the Hawaiian earring. It is not hard to show from the definitions that
the fundamental group of a first countable space is infinitary if and only if it is not
semi-locally simply connected at one or more points. Together with Proposition [7.19]
this implies that the Hawaiian earring is the natural candidate to investigate the
wildness of other spaces. In [KR05, BMMI12] for example, the authors study the
so-called Hawaiian groups of a space X; the first Hawaiian group of X is defined
as 7. (H, X)), the group of homotopy classes of basepoint-preserving maps from the
Hawaiian earring to X, with the other Hawaiian groups defined similarly using higher-
dimensional analogues of H.

The algebraic structure of the fundamental groups of wild spaces is interesting in
its own right. There are many questions that have yet to be answered here. What are
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some other equivalent purely group theoretic criteria for the existence of infinitary
products than that of shrinking filtrations (i.e. as in Proposition ? Can we
realize every group with a shrinking filtration as the fundamental group of some wild
space? These questions could be the subject of further investigation.
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