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Abstract

The fundamental group of a topological space is an important algebraic invariant that
records information about the different types of loops in the space. It allows us to
study topological spaces and classify them to some extent, and it can be used to prove
many important results in various mathematical domains. Unfortunately, calculating
the fundamental group of a space can be a daunting task. For many nice spaces, the
theory of covering spaces provides a general framework for finding their fundamental
groups.

In this thesis, we will introduce the classical theory of covering spaces and examine
spaces for which the classical theory fails. These are called wild spaces, the canonical
example of which is the so-called Hawaiian earring. We will study the Hawaiian
earring in detail and describe it as a limit of well-behaved spaces. Applying the
theory of covering spaces on the approximating sequence will allow us to compute the
fundamental group of the earring itself, which can be utilized to compute fundamental
groups of other wild spaces.

1



Acknowledgement

I would like to express my deep gratitude to my supervisor Professor Michel Hébert
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Chapter 1

Introduction

What is algebraic topology? One of the primary goals of topology is the study of
the basic shapes of spaces and the classification of spaces up to homeomorphism. One
way to distinguish between topological spaces is via the study of properties that are
invariant under homeomorphism, e.g. connectedness, compactness, Hausdorffness,
etc. For instance, if one space is compact and the other is not, then we can conclude
that they are not homeomorphic to one another. Unfortunately, if both spaces were
compact, we cannot conclude if they are homeomorphic. Indeed, no combination of
such topological properties forms a conclusive test for the homeomorphism of two
spaces.

Instead of asking simple yes or no questions such as “is the space compact?”, one
could hope to capture more of the topological data of a space by assigning to each
space a numerical invariant. A famous numerical invariant is the Euler characteristic
of a space. A richer family of invariants still is that of algebraic invariants, where we
assign to each space an algebraic structure (such as a group or a ring) that carries
information about the space, and thereby reducing difficult topological questions to
systematic algebraic computations. This is the goal of algebraic topology, which
has been incredibly successful in resolving many long standing problems in topology
as well as contributing to many other areas. Interestingly, despite their immense
usefulness, there is no set of known algebraic invariants capable of answering the
question of whether two spaces are homeomorphic in general.

In his seminal 1895 paper “analysis situs”, Henri Poincaré introduced the first of
these algebraic invariants: the fundamental group, which is a group recording infor-
mation about types of loops in a space. For example, the fundamental group of R2 is
trivial because there is “essentially” one class of loops in the plane (by which we mean
that any two loops in the same class can be continuously deformed into one another),
whereas the fundamental group of the circle is Z because loops could wind around
the circle twice clockwise (corresponding to 2 P Z), thrice counterclockwise (corre-
sponding to ´3), etc. We will rigorously define and compute fundamental groups
in Chapter 2. Another way to think about it, is to say that the fundamental group
measures the existence of holes in the space. The fundamental group is the first of
the homotopy groups of a space, the following groups measuring “higher-dimensional
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holes” in a sense. Together, these homotopy groups almost determine the basic shape
of a space. Despite being easy to define, homotopy groups are sometimes very difficult
to compute.

For sufficiently nice spaces, the theory of covering spaces provides a framework
for understanding the fundamental group of a space. More precisely, it establishes
a Galois correspondence between isomorphism classes of coverings of a space on the
one hand, and conjugacy classes of subgroups of its fundamental group on the other.
This will be examined in details in Chapter 3. The theory fails, however, for spaces
that contain at least one point from which it is possible to create arbitrarily small
loops that cannot be continuously shrunk to that point. These are called wild spaces.
In this thesis, we aim to understand methods for computing the fundamental groups
of these wild spaces. Although we will not be able to directly apply the results of
covering spaces theory to compute fundamental groups of wild spaces, the results and
methods developed will still be useful to our analysis.

In Chapter 2, we will define the basic notions of homotopy and the fundamental
group of a space. In Chapter 3, we will discuss the classical theory of covering
spaces and use it to calculate fundamental groups. Chapter 4 introduces Seifert–van
Kampen theorem, an important tool for calculating fundamental groups of “glued”
spaces by knowing the fundamental groups of the individual parts. In Chapter 5 we
will introduce the notions of an inverse and direct limit, which will help us understand
complicated objects via an approximating sequence. Chapter 6 marks the beginning
of our examination of wild spaces and introduces the Hawaiian earring, the canonical
example of wild spaces, and several related examples. In Chapter 7 we will compute
the fundamental group of the Hawaiian earring and examine some of its peculiar
algebraic properties. Finally, in Chapter 8 we will examine the fundamental group of
the harmonic archipelago, a very wild 2-dimensional space with an even more curious
fundamental group.
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Chapter 2

The Fundamental Group

In this chapter, we introduce our central object of study: the fundamental group. We
will also introduce a prototypical example of a fundamental group calculation. For a
detailed treatment and more examples, the reader may refer to chapters 6 and 8 of
[Cro05].

2.1 Basic Notions of Homotopy

Before we can define fundamental groups as the set “different types” of loops in a
space, we need to understand what we mean by two loops being essentially the same.
We aim to describe two loops to be similar if one can be continuously “deformed”
into the other. Let I “ r0, 1s.

Definition 2.1. Given two spaces X and Y , two maps 1 f, g : X Ñ Y are called
homotopic (denoted f „ g) if there exists a continuous function H : X ˆ I Ñ Y such
that for every x P X, Hpx, 0q “ fpxq and Hpx, 1q “ gpxq. The map H is called a
homotopy between f and g.

We think of H as a deformation of f into g happening during the unit time interval
I. For example, if f, g : r´1, 1s Ñ R2 are the two path given by fpxq “ px, 1´x2q and
gpxq “ px, x2 ´ 1q, then H : r´1, 1s ˆ I Ñ R2 given by Hpx, tq “ px, p1´ 2tqp1´ x2qq

is a homotopy between them. Equivalently, one could think of H as a family of
continuous functions tht : X Ñ Y utPI , where htpxq “ Hpx, tq. The constant loop is
sometimes called the null loop, and loops homotopic to it are called nullhomotopic.

It is easy to verify that „ is an equivalence relation, and thus one can talk about
homotopy classes of maps between X and Y , i.e. the quotient of the set of continuous
maps by the relation „; we denote it by πpX, Y q. By fixing either X or Y and varying
the other, we get a map that associates to each topological space a set that we can then
equip with a group operation. One important such construction is the fundamental
group which will be defined in the next section and will be our object of study for
the remainder of this thesis.

1Maps between topological spaces are always assumed to be continuous and maps between groups
are always assumed to be homomorphisms. Set-theoretic functions between sets with additional
structure will be explicitly identified as such.
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Definition 2.2. Two spaces X and Y are called homotopy equivalent (denoted X »

Y ) if there are maps f : X Ñ Y and g : Y Ñ X such that g ˝ f „ 1X and f ˝ g „ 1Y .
In that case, f and g are called homotopy equivalences. A space that is homotopic
to a point is called contractible.

Homeomorphisms are obviously homotopy equivalences, but the notion of homo-
topy equivalence is weaker than that of homeomorphism. For example, R is con-
tractible, but it is not homeomorphic to a point. Algebraic invariants in topology
are usually defined up to homotopy equivalence, i.e. they cannot distinguish between
homotopy equivalent spaces.

Definition 2.3. A retraction is a map r : X Ñ A, where A Ď X, such that r
ˇ

ˇ

A
“ 1A.

The subspace A is called a retract of X.
A deformation retraction is a homotopy F : X ˆ I Ñ X between the identity and

a retraction, i.e. for all x P X and a P A, F px, 0q “ x, F px, 1q P A and F pa, 1q “ a.
The subspace A is called a deformation retract of X.

An essentially equivalent definition of a retraction is as a map that has a right-
inverse. Notice that a deformation retract of X is homotopy equivalent to X (with
the inclusion map being a homotopy equivalence).

2.2 The Group Structure on π1pX, x0q

Let S1 “ tz P C | |z| “ 1u be the unit circle with the subspace topology. We denote
by π1pX, x0q the set π˚pS1, Xq (the subscript ˚ indicates the fact that we treat S1 and
X as based spaces and the maps between them as respecting basepoints), where x0 is
the basepoint of X. In other words, π1pX, x0q is the set of homotopy classes of loops
in X based at x0. This set forms a group under the operation of concatenation of
loops. More precisely, given f, g : S1 Ñ X, define their concatenation

pf ¨ gqptq :“

#

fp2tq if t ď 1{2

gp2t´ 1q if t ě 1{2
,

when thinking of S1 as I with its ends identified. And define the inverse of f by
f´ptq :“ fp1´ tq, which is the same loop traversed in the opposite direction. Finally,
we extend these definition to homotopy classes by picking an arbitrary representative
so that rf s¨rgs “ rf ¨gs and rf s´1 “ rf´s. It is easy to check that these are well-defined
and that the group axioms hold. The group π1pX, x0q under the operation ¨ is called
the fundamental group of X with basepoint x0. Since fundamental groups are blind
to anything outside the path component of the basepoint, we will always assume that
our spaces are path-connected when considering their fundamental groups

Given a continuous map X
f
ÝÑ Y , we have a canonical group homomorphism

f# : π1pX, x0q Ñ π1pY, fpx0qq defined by rγs ÞÑ rf ˝ γs. Indeed,

f#prγ1s ¨ rγ2sq “ f#prγ1 ¨ γ2sq “ rf ˝ pγ1 ¨ γ2qs “ rpf ˝ γ1q ¨ pf ˝ γ2qs

“ rpf ˝ γ1qs ¨ rpf ˝ γ2qs “ f#prγ1sq ¨ pf#prγ2sq
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Moreover, the induced homomorphisms are compatible with composition of functions,
that is pf ˝gq# “ f#˝g#. Finally, notice that the identity condition p1Xq# “ 1π1pX,x0q
is satisfied. So what we have here is a mapping between topological spaces with iden-
tified basepoints and continuous functions between them on the one hand, and groups
and group homomorphisms on the other, that satisfies the composition compatibility
and identity conditions. Such a map is called a functor from the category of pointed
spaces to the category of groups.

In order to justify our use of the term “the fundamental group of X”, we must
first show that the algebraic structure of this group does not depend on the choice of
the basepoint.

Theorem 2.4. Given a path-connected space X and any two points x0, x1 P X, we
have π1pX, x0q – π1pX, x1q.

Proof. Since X is path-connected, we have a path u : I Ñ X with up0q “ x0 and
up1q “ x1. Using u, we can construct a map u˚ : π1pX, x0q Ñ π1pX, x1q by setting
u˚prγsq “ ru

´ ¨ γ ¨ us P π1pX, x1q, where u´ptq :“ up1´ tq is the same path traversed
in the opposite direction. We can define an inverse map in the same way, u´1

˚ prγsq “
ru ¨ γ ¨ u´s P π1pX, x0q. Note that these maps are well-defined on homotopy classes
since we get a homotopy u´ ¨ γ ¨ u „ u´ ¨ γ1 ¨ u if γ „ γ1, by combining the trivial
homotopies on u´ and u with the homotopy between γ and γ1. Finally, note that
u˚prγ1s ¨ rγ2sq “ ru

´ ¨ γ1 ¨ γ2 ¨us “ ru
´ ¨ γ1 ¨u ¨u

´ ¨ γ2 ¨us “ u˚prγ1sq ¨u˚prγ2sq, where the
middle equality is because u´ ¨u is contractible. Thus, u˚ is a group isomorphism.

Notice that the isomorphism u˚ depends on the homotopy class of the path u.
Therefore, it is still important to mention the basepoint if we want to talk about the
fundamental group of X as it relates to fundamental groups of other related spaces
(e.g. subspaces of X). If, however, we are only interested in the isomorphism class
of the fundamental group of a path-connected space as an abstract algebraic object,
we will simply denote it as π1pXq. A space X is called simply connected if π1pXq is
trivial, i.e. if any loop in X can be contracted to its basepoint. The higher homotopy
groups are defined similarly with Sn “ tpx1, x2, . . . , xn`1q P Rn`1 | x2

1`¨ ¨ ¨`x
2
n`1 “ 1u

playing the role of S1, i.e. πnpX, x0q “ π˚pSn, Xq. One defines a group structure on
πnpX, x0q in an analogous manner. Like π1, the mappings πn are all functors from the
category of pointed spaces and continuous functions to the category of groups and
group homomorphisms. Denote the image of a continuous map f under this functor
by πnpfq. A highly non-trivial theorem due to Whitehead tells us that, for a large
class of reasonable spaces, a continuous function f such that πnpfq is an isomorphism
for every n ě 1 is a homotopy equivalence.

2.3 First Example: π1pS1q

The following example will illustrate the main idea of covering spaces and thus would
be helpful in guiding our intuition in the next chapter. First, we need the following
definition:
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Definition 2.5. Given a map p : T Ñ X and a map f : Y Ñ X, a lifting map (or
simply a lift) of f with respect to p is a map f̃ : Y Ñ T such that p ˝ f̃ “ f , i.e.
making the following diagram commute.

T

Y X
f

p
f̃

We say that f̃ lifts f with respect to p, and we do not mention p when it is clear from
the context.

Theorem 2.6. π1pS1q – Z

Proof. Let p : R Ñ S1 be the function given by ppxq “ e2πix. One way to visualize
p, is to think of R as being wrapped as a helix inside R3 and of p as its projection of
this helix onto the xy-plane, as shown in Figure 2.1.

Figure 2.1

For every integer n, define the loop fn : I Ñ S1 given by x ÞÑ e2πinx, which
winds around the circle n times. Note that rfns ¨ rfms “ rfn`ms, where the homotopy
fn ¨fm „ fn`m simply reparametrizes the domain (i.e. changes the speed of traversing
the loops). We will show that the map ϕ : ZÑ π1pS1, 1q given by n ÞÑ rfns is a group
isomorphism. The proof proceeds by studying the lifts with respect to p. For every
integer n, define f̃n : I Ñ R, by f̃npxq “ nx. Clearly, f̃n lifts fn.

We will now show that for any path u : I Ñ S1 with up0q “ 1, there is a
unique path ũ : I Ñ R lifting u such that ũp0q “ 0. Let S1 “ S1zt1u and S2 “

S1zt´1u, and notice that p´1pS1q consists of a disjoint union of neighborhoods in
R each homeomorphic to S1, and similarly for S2. By compactness of I, the open
cover given by uptS1, S2uq contains a finite subcover; so we can choose N P N large
enough so that for all 1 ď k ď N we have u

`

rk´1
n
, k
n
s
˘

Ď S1 or u
`

rk´1
n
, k
n
s
˘

Ď S2.
Now, we construct ũ inductively on the intervals rk´1

n
, k
n
s as follows. Suppose that

rk´1
n
, k
n
s Ď Si, and let U be the unique neighborhood in R in p´1pSiq that contains

ũ
`

k´1
n

˘

. Then, p maps U homeomorphically onto Si, and we get the desired lift as

9



ũ
ˇ

ˇ

r k´1
n
, k
n
s
“
`

p
ˇ

ˇ

U

˘´1
˝ u. To see that the lift is unique, suppose ũ and ũ1 are both lifts

of u with ũp0q “ ũ1p0q “ 0. Since p ˝ ũ “ p ˝ ũ1, we conclude that ũpsq ´ ũ1psq P Z
for all s P I. Since ũ´ ũ1 : I Ñ Z is a continuous function from a connected space to
a discrete space, it must be constant (this is an easy exercise, for a proof see lemma
4.18 of [Cro05]). Hence, ũpsq “ ũp0q “ 0 “ ũ1p0q “ ũ1psq for all s P I.

Define ψ : π1pS1, 1q Ñ Z by rf s ÞÑ f̃p1q, the endpoint of the lifted path (which is an
integer since ppf̃p1qq “ fp1q “ 1). We will show that a homotopy of loops H between
f and g lifts to a unique homotopy of path H̃ : I ˆ I Ñ R satisfying H̃p0, 0q “ 0
and p ˝ H̃ “ H. Since H̃p1,´q : I Ñ Z is a continuous map from a connected space
to a discrete space, it must be constant; therefore, f̃p1q “ H̃p1, 0q “ H̃p1, 1q “ g̃p1q,
which would prove that ψ is well-defined on homotopy classes of loops.

R

I ˆ I S1
H

pH̃

We will find the unique homotopy lift in a similar fashion to the path lift. Let
H : IˆI Ñ S1 be a homotopy of loops between f and g. By compactness of IˆI, the
open cover given by H´1ptS1, S2uq contains a finite subcover; so we can find N P N
large enough and subdivide I ˆ I into an N ˆN grid of squares of side length 1{N ,
each of which is mapped by H into either S1 or S2. Again, we proceed to define H̃
inductively on each square, starting with r0, 1

N
s ˆ r0, 1

N
s. Suppose it is mapped into

Si. Take V to be the unique component of p´1pSiq containing H̃p0, 0q “ 0. We get

a unique lift of our first sub-square as
`

p
ˇ

ˇ

V

˘´1
˝H

ˇ

ˇ

r0, 1
N
sˆr0, 1

N
s
. Next, we define H̃ on

r0, 1
N
s ˆ r 1

N
, 2
N
s in a similar fashion using now as initial point H̃p0, 1

N
q. The potential

problem of contradicting definitions of H̃ on the shared edge r0, 1
N
s ˆ 1

N
does not

occur by the uniqueness of path lifting since both definitions lift the same path and
agree (by definition) on p0, 1

N
q. Similarly, we continue to lift H on each square using

as an initial point a vertex on which H̃ was defined in a previous square. Assuming
that we have two lifts H̃ and H̃ 1 with H̃p0, 0q “ H̃ 1p0, 0q “ 0, we again conclude that
H̃ ´ H̃ 1 : I ˆ I Ñ Z is constant since it is a map from a connected space to a discrete
space, and the uniqueness follows. Thus, we proved that ψ is well-defined.

Since ψpfnq “ f̃np1q “ n, we have ψ ˝ φ “ 1Z. It remains to show that ψ is
injective, which would show that both ψ and φ are bijective. Suppose ψprf sq “ ψprgsq
and so f̃p1q “ g̃p1q. Then, g̃´¨f̃ is a loop in R based at 0. The homotopyH : IˆI Ñ R
given by Hps, tq “ p1 ´ tqpg̃´ ¨ f̃qpsq shows that rg̃´ ¨ f̃ s “ r0s. By applying the map
p# : π1pR, 0q Ñ π1pS1, 1q induced by p to both sides, we get rg´s¨rf s “ r1s. Therefore,
rgs “ rf s and the proof is complete.
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Chapter 3

Covering Spaces

The aim of this chapter is to generalize the strategy used in the proof of Theorem 2.6
into a theory for calculating fundamental groups of well-behaved spaces. Besides their
central role in homotopy theory, covering spaces play an important role in complex
analysis, differentiable manifolds, and more. We shall only introduce the concepts
that will be useful for us later on, but the reader may refer to lecture 6 of [FF16], for
example, for a more comprehensive introduction to the theory.

Definition 3.1. A covering space (or simply a covering) of X is a map p : X̃ Ñ

X satisfying the following: for every x P X there is an open neighborhood U Ď

X of x such that p´1pUq is the union of disjoint open sets tVαuαPA, with each Vα
homeomorphic to U . The open set U is called evenly covered, each Vα is called a
sheet above U , and for any point x P X the set p´1pxq is called the fibers above x.

Example 3.2. R is a covering space of S1 with the map p defined in Theorem 2.6
being the covering map.

Example 3.3. For every positive integer n, S1 is a covering space over itself via the
covering map z ÞÑ zn. In this case, every evenly covered neighborhood has n sheets
above it.

Note that if U is a connected evenly covered neighborhood, the sheets above U are
the connected components of p´1pUq. The number of sheets above U is the cardinality
of p´1pxq where x P U . As x varies over X, this number is constant as long as we are
in the same path component, and so it is constant if X is path-connected. In that
case, we call it the degree of the covering.

3.1 Path and Homotopy Lifting Properties

In Theorem 2.6, we proved the existence and uniqueness of path lifts and homotopy
lifts for S1. This section aims to prove these property in a much more general setting.
Let us assume throughout the chapter that all spaces are Hausdorff.

Lemma 3.4. (Path Lifting Property). Let p : X̃ Ñ X be a covering, x̃0 P X̃, and
u : I Ñ X be a path such that up0q “ ppx̃0q “ x0. Then, there is a unique lift
ũ : I Ñ X̃ of u such that ũp0q “ x̃0.

11



Proof. We have an open cover of upIq of evenly covered neighborhoods, and so by
compactness of I we have a finite open cover of I with each set in this cover mapping
inside an evenly covered neighborhood of X. Therefore we can find N P N large
enough so that there are evenly covered neighborhoods tUku

N
k“1 with uprk´1

N
, k
N
sq Ď

Uk for 1 ď k ď N . We construct ũ inductively as follows. Assume there exists
ũk : r0, k

N
s Ñ X̃ with ũkp0q “ x̃0 and p ˝ ũk “ u

ˇ

ˇ

r0, k
N
s
. This holds for k “ 0 by setting

ũkp0q “ x̃0. Since Uk`1 is evenly covered, there is a unique component V of p´1pUk`1q

containing ũp k
N
q. Moreover, p maps V homeomorphically onto Uk`1. We define

ũk`1 : r0, k`1
N
s Ñ X̃ by setting ũk`1 “ ũk on r0, k

N
s and ũk`1 “

`

p
ˇ

ˇ

V

˘´1
˝ u

ˇ

ˇ

r k
N
, k`1
N
s
.

The required lift is given by ũ “ ũN .
To prove uniqueness, suppose towards a contradiction that ũ and ũ1 are both lifts

of u with ũp0q “ ũ1p0q “ x̃0. Let t0 “ inftt P I | ũptq ‰ ũ1ptqu. Taking the image
under ũ and under ũ1 of an increasing sequence in I converging to t0, we see that
ũpt0q “ ũ1pt0q by the uniqueness of the limit in a Hausdorff space. Let U be an
evenly covered neighborhood of upt0q, and let Ũ be the sheet above U containing
ũpt0q “ ũ1pt0q. Then, there exists ε ą 0 such that ũ and ũ1 maps pt0 ´ ε, t0 ` εq into

Ũ . Since p ˝ ũ “ p ˝ ũ1, applying
`

p
ˇ

ˇ

Ũ

˘´1
to both sides, we see that the two lifts agree

on an ε-neighborhood of t0. This contradicts the definition of t0 as an infimum.

Theorem 3.5. (Homotopy Lifting Property). Let p : X̃ Ñ X be a covering, and
H : I ˆ I Ñ X be a homotopy of paths. Given a point x̃0 P X̃, there exists a unique
homotopy H̃ : Iˆ I Ñ X̃ such that H̃p0, 0q “ x̃0 and p˝ H̃ “ H. Moreover, if Hps, 0q
and Hps, 1q are constant for all s P I (i.e. all paths share the same endpoints), then
H̃ps, 0q and H̃ps, 1q are also constant for all s P I.

X̃

I ˆ I X
H

H̃ p

Proof. Take any cover O ofX by evenly covered open sets, and consider the open cover
tH´1pUq | U P Ou of IˆI. It has a finite subcover by compactness of IˆI, and so we
can find N P N large enough so that any square of side length 1{N is mapped by H
into a neighborhood in O. Define Qi,j “ r

i´1
N
, i
N
s ˆ r

j´1
N
, j
N
s for 1 ď i, j ď N . We will

construct H̃ inductively on each Qi,j. For every i, j, take Ui,j to be any neighborhood
in O containing HpQi,jq. Let V be the unique sheet above U1,1 that contains x̃0, and
define H̃ on Q1,1 by pp

ˇ

ˇ

U1,1
q´1 ˝H

ˇ

ˇ

Q1,1
. Next, we define H̃ on Q1,2 similarly, now using

the sheet above U1,2 containing H̃p0, 1{Nq. By the previous theorem, we don’t get a
contradicting definition of H̃ on the common edge r0, 1

N
s ˆ t 1

N
u since both must be

the unique lift of the edge starting at the point H̃p0, 1{Nq. We continue in the same
fashion, using as initial point any vertex on which H̃ has already been defined, until
H̃ is defined on the whole unit square. Uniqueness follows from uniqueness of path
lifting since having homotopy lifts that are different at any point implies that a path
connecting p0, 0q to that point has distinct lifts both starting at x̃0.
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If p ˝ H̃ps, 0q “ Hps, 0q “ x0 for all s P I, then the connected set I ˆ t0u is
mapped by H̃ into the discrete set p´1px0q; so H̃ps, 0q “ H̃p0, 0q “ x̃0 for all s P I.
Similarly, if H is constant on I ˆ t1u, then so is H̃.

As a matter of fact, the homotopy lifting theorem holds in a more general setting
than just homotopies of path. More precisely, one can show that unique lifts exist
for homotopies of the form H : Y ˆ I Ñ X for a sufficiently nice space Y . For our
purposes, however, the previous theorem will be sufficient.

3.2 Action of the Fundamental Group on Fibers

The following consequence of the homotopy lifting theorem allows us to identify
π1pX̃, x̃0q as a subgroup of π1pX, x0q.

Theorem 3.6. Given a covering p : X̃ Ñ X, with basepoints x̃0 P X̃ and x0 “

ppx̃0q P X, the induced homomorphism p# : π1pX̃, x̃0q Ñ π1pX, x0q is injective.

Proof. Let γ̃ be a loop that represents an element of the kernel of p#. So γ “ p ˝ γ̃ is
homotopic to the constant loop at x0. By the homotopy lifting theorem, we conclude
that γ̃ is homotopic to the constant loop at x̃0 since the latter is a lift of the constant
loop at x0. That is rγ̃s is the identity of π1pX̃, x̃0q.

Definition 3.7. The group of a covering p : X̃ Ñ X is the subgroup p#π1pX̃, x̃0q ď

π1pX, x0q, which is isomorphic to the fundamental group of X̃.

The fundamental group of a space acts naturally on the fibers of its covering.
This action provides information about the fundamental group itself. We now turn
to define this action and examine its properties.

Theorem 3.8. Let p : X̃ Ñ X be a covering, and x0 P X be a basepoint. The follow-
ing description defines a right action of π1pX, x0q on p´1px0q: given rγs P π1pX, x0q

and a point x̃ P p´1px0q, let x̃ rγs “ γ̃p1q where γ̃ is the unique lift of γ starting at x̃.

Proof. The action is well-defined on homotopy classes of loops by the last sentence
in Theorem 3.5. Clearly, the constant loop at x̃ lifts the constant loop at x0 and so
we have x̃ rx0s “ x̃. Finally, to show that the action is associative, suppose that γ1

and γ2 are loops at x0 that lift to γ̃1 starting from x̃1 P p
´1px0q and γ̃2 starting at

x̃2 “ γ̃1p1q P p
´1px0q. Note that

x̃1 prγ1srγ2sq “ x̃1rγ1 ¨ γ2s “
Čpγ1 ¨ γ2qp1q “ γ̃2p1q “ x̃2 rγ2s “ px̃1 rγ1sq rγ2s

Theorem 3.9. Given a covering p : X̃ Ñ X, where X̃ is path-connected, the following
properties hold:

(i) The action defined in Theorem 3.8 is transitive (i.e. for any x̃1, x̃2 P p
´1px0q

there exists a loop γ at x0 such that x̃1rγs “ x̃2).
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(ii) For any x̃ P p´1px0q, the stabilizer of x̃ under the action of π1pX, x0q is the
subgroup p#π1pX̃, x̃q (i.e. x̃ rγs “ x̃ if and only if rγs P p#π1pX̃, x̃qq.

(iii) The set tp#π1pX̃, x̃q | x̃ P p´1px0qu is a conjugacy class of subgroups of
π1pX, x0q.

(iv) |p´1px0q| “ |π1pX, x0q : p#π1pX̃, x̃0q|.

Proof. (i) Suppose that x̃1, x̃2 P p
´1px0q and γ̃ is a path from x̃1 to x̃2. Then, γ “ p ˝ γ̃

is a loop at x0 and so it represents an element in π1pX, x0q. Since γ̃ is a lift of γ starting
at x̃1, we see that x̃1rγs “ x̃2.

(ii) A loop γ is in the stabilizer of x̃ if and only if its unique lift starting from x̃
ends at x̃ (i.e. it is a loop at x̃). This is indeed the case when rγ̃s P π1pX̃, x̃0q and
rγs “ p#rγ̃s. Conversely, if rγs “ p#rγ̃s for some rγ̃s P π1pX̃, x̃0q, then a lift of γ
starting at x̃ is homotopic to a loop at x̃ by Theorem 3.5.

(iii) is a general fact about transitive group actions. From (i) and (ii), we see
that (iv) follows immediately by the Orbit-Stabilizer Theorem. For proofs of these
algebraic facts, see chapter 3 of [Rot95]

The following result illustrates the utility of this theorem in calculating funda-
mental groups.

Corollary 3.10. Let RPn be the real projective n-space (i.e. the quotient of Sn by
the relation p „ ´p, which identifies every two opposite points). Then, for n ą 1,
π1pRPnq – Z2.

Proof. The quotient map p : Sn Ñ RPn is a covering of degree 2. It is not hard to
see that π1pSnq is trivial for n ą 1. By part (iv) of Theorem 3.9, we get

|p´1
px0q| “ 2 “ |π1pRPn, x0q : p#π1pSn, x̃0q|.

It follows that |π1pRPn, x0q| “ 2

The fundamental group is different from most of the other homotopy invariants
studied in algebraic topology in that it is not always abelian. Define the wedge
sum pX, x0q _ pY, y0q of two based spaces X and Y as the quotient space of their
disjoint union by the identification of their basepoints x0 „ y0. We will show that
the fundamental group of S1 _ S1 is nonabelian.

Corollary 3.11. Let i, j : S1 Ñ S1 _ S1 be the two natural embeddings. Let α and β
be the images of the generator of π1pS1q – Z under i# and j#. Then α ¨ β ‰ β ¨ α.

Proof. Consider the highlighted lifting of the loop representing αβα´β´ in the cov-
ering of S1_S1 shown in Figure 3.1. Since this lift is not a loop, it does not represent
an element of the group of the covering. Therefore, αβα´β´ is not in the stabilizer
of x̃0 by part (ii) of Theorem 3.9. In particular, αβα´β´ is a non-trivial element of
π1pS1 _ S1q.

14



Figure 3.1 a degree 5 covering of S1 _ S1. Image from [FF16]

3.3 Lifting of General Maps

We have already seen the importance of lifts. It is therefore desirable to understand
the necessary and sufficient conditions for the existence of lifts of any continuous
function. First we need to define the following property.

Definition 3.12. A space is locally path-connected at x if for every open set U
containing x, there exists a path-connected open set V containing x with V Ď U . The
space is called locally path-connected if it is locally path-connected at every point.

Figure 3.2 Warsaw circle

Any connected, locally path-connected space is also path-connected. Surprisingly,
not all path-connected spaces are locally path-connected. One counter example is
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the Warsaw circle given by closing the curve y “ sinpπ{xq for 0 ă x ă 1 (called the
topologist’s since curve) by an arc from p0, 0q to p1, 0q (see Figure 3.2). All the spaces
we will consider will be path-connected and locally path-connected, so we need not
worry too much about these subtleties.

Theorem 3.13. Let Y be a path-connected, locally path-connected space, p : X̃ Ñ X
a covering of X, and f : Y Ñ X a continuous function. Given basepoints x̃0 P X̃,
y0 P Y , and x0 “ fpy0q “ ppx̃0q P X, a lift f̃ : Y Ñ X̃ of the map f satisfying
f̃py0q “ x̃0 exists if and only if f#π1pY, y0q Ď p#π1pX̃, x̃0q. In particular, if Y is
simply connected, the desired lift always exists. If such a lift exists, it is unique.

pX̃, x̃0q

pY, y0q pX, x0qf

f̃
p

Proof. Assuming that the desired lift exists, since p ˝ f̃ “ f , we have p# ˝ f̃# “ f#.
Therefore,

f#π1pY, y0q “ p#

´

f̃#π1pY, y0q

¯

Ď p#π1pX̃, x̃0q.

We will now prove the converse. Assume that f#π1pY, y0q Ď p#π1pX̃, x̃0q. We will
define the lift f̃ on an arbitrary point y P Y . Choose any path u from y0 to y and
lift f ˝ u to Ćf ˝ u starting at x̃0. Set f̃pyq “ Ćf ˝ up1q. To show that f̃ is well-defined,
consider two paths u1 and u2 from y0 to y. The loop u1 ¨u

´
2 is mapped by f to a loop

γ in representing an element of f#π1pY, y0q Ď p#π1pX̃, x̃0q. By part (ii) of Theorem

3.9, γ is lifted to a loop at x̃0 in X̃, which guarantees that Čf ˝ u1 and Čf ˝ u2 have the
same terminal point.

To see that this lift is unique, assume f̃ and f̃ 1 both satisfy the requirements of
the theorem. Given y P Y , let u be a path from y0 to y. Since the two path f̃ ˝u and
f̃ 1 ˝ u start at x̃0 and are mapped by p onto f ˝ u, they must coincide by uniqueness
of path lifting. In particular, f̃pyq “ f̃ ˝ up1q “ f̃ 1 ˝ up1q “ f̃ 1pyq.

It remains to show that f̃ is continuous. It is enough to show that for every
y P Y there exists a neighborhood Vy with f̃ being continuous on Vy since then
the preimage of an open neighborhood in X̃ would be the union of open sets lying
inside the neighborhoods tVyuyPY which would be open. Given y P Y , x “ fpyq, and
x̃ “ f̃pyq, pick an evenly covered neighborhood U of x and let Ũ be the sheet above
it containing x̃. By continuity of f , we can find an open neighborhood V Ď Y such
that fpV q Ď U . Since Y is locally path-connected, we may assume that V is path-
connected WLOG (otherwise we take V to be a smaller path-connected neighborhood
of y). Since p ˝ f̃ “ f , we have f̃pV q Ď p´1pUq. It suffices to show that f̃pV q Ď Ũ
since we would have f̃

ˇ

ˇ

V
“ pp

ˇ

ˇ

Ũ
q´1 ˝ f

ˇ

ˇ

V
, which would establish the continuity of f̃ .

Fix a path u0 from y0 to y, and for any y1 P V take a path u from y to y1. Lift f ˝ u0

and f ˝ u to paths Čf ˝ u0 starting at x̃ and Ćf ˝ u starting at Čf ˝ u0p1q, respectively.
Since f ˝ u lies entirely in U , its lift must lie in Ũ , and so

fpy1q “ Čf ˝ pu0 ¨ uqp1q “ Ćf ˝ up1q P Ũ .
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Finally, if Y is simply connected, then (by definition) π1pY, y0q is trivial, and so the
condition f#π1pY, y0q Ď p#π1pX̃, x̃0q holds.

3.4 The Fundamental Theorem of Covering Spaces

The following definition is useful for classifying covering spaces.

Definition 3.14. A homomorphism of coverings from p1 : X̃1 Ñ X to p2 : X̃2 Ñ X
is a continuous surjection h such that p2 ˝ h “ p1. If h is a homeomorphism, we call
it an isomorphism of coverings and we say that the two coverings are equivalent.

X̃2 X̃1

X

p1p2

h

The theory of covering spaces works in its full scope for spaces that satisfy the
following property.

Definition 3.15. A space X is semi-locally simply connected if for every point x,
there exists a neighborhood U of x such that every loop in U is nullhomotopic in X, i.e.
loops in U can be contracted to a point via a homotopy H : S1ˆI Ñ X. Equivalently,
every point x P X has a neighborhood U such that the map π1pU, xq Ñ π1pX, xq
induced by the inclusion U ãÑ X is trivial.

The term semi-locally (as opposed to locally) refers to the fact that intermediate
loops in the homotopy H may go outside of U . This condition ensures the existence
and uniqueness (up to equivalence) of a simply connected covering space (also known
as a universal covering 1). For these spaces, the connection between the fundamental
group of a space and its coverings is strongest. We summarize the connection, which
is reminiscent of Galois theory2, in the following theorem.

Theorem 3.16. (The Fundamental Theorem of Covering Spaces). Let pX, x0q be a
path-connected, locally path-connected, and semi-locally simply connected space. There
is a bijection between the isomorphism classes of coverings p : pX̃, x̃0q Ñ pX, x0q,
where X̃ is path-connected on the one hand, and the subgroups of π1pX, x0q on the
other, given by associating to the isomorphism class of p the subgroup p#π1pX̃, x̃0q.
If the basepoints are omitted (i.e. if we think of the same covering with different
basepoints as one object), we get a bijection between isomorphism classes of path-
connected coverings and conjugacy classes of subgroups of π1pX, x0q.

1The term universal refers to the following property: given a universal covering p : X̃ Ñ X and
any other covering p1 : X̃ 1 Ñ X, there exists a (necessarily unique) homomorphism of coverings
X̃ Ñ X̃ 1. In categorical terms, it is the inital object in the category of coverings of X

2This can be formalized as a certain equivalence of categories
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Since our focus will be on spaces which are not semi-locally simply connected (also
called wild spaces), we will not prove this theorem. The canonical example of a wild
space is the Hawaiian earring, H “

Ť

ně1tpx, yq P R2 | px ´ 1
n
q2 ` y2 “ 1

n2 u, which is
not semi-locally simply connected at p0, 0q. We will return to the Hawaiian earring
and its various realizations in Chapter 6, and it will be the center of our attention for
a significant part of this thesis.

Figure 3.3 the Hawaiian earring
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Chapter 4

Seifert–van Kampen Theorem

In this chapter we will present our second important classical tool for calculating the
fundamental group of a space, knowing the fundamental group of its constituents.
More precisely, the Seifert–van Kampen Theorem (also called van Kampen Theorem)
allows us to compute the fundamental group of the union of path-connected subspaces
that have a path-connected intersection in terms of the free product of the fundamen-
tal groups of these subspaces. We will first briefly define the free product of group
and then we will prove van Kampen Theorem and use it to compute the fundamental
group of the wedge of circles. For a thorough treatment and more applications of van
Kampen Theorem, see [Hat02].

4.1 The Free Product of Groups

Given groups G and H, a word in G and H is a finite sequence of the form s1s2 . . . sn,
where each si is an element of either G or H. A word may be reduced in one of the
following two ways: (1) a consecutive pair of elements gigi`1 in G (resp. hihi`1 in H)
can be replaced by their product in G (resp. H); and (2) any instance of the identity
of either G or H can be removed. By repeated application of these two rules, the
reduced words (i.e. those for which neither (1) nor (2) apply) will be of the form of
an alternating product g1h1g2h2 . . . gnhn where gi P G and hi P G for all 1 ď i ď n
are non trivial elements (with the possible exception of g1 and hn).1 The free product
of G and H is defined as the set of reduced words in G and H, with the operation
being concatenation followed by reduction, and is denoted by G˚H. The empty word
is assumed to be an element of G ˚ H and serves as its identity. The group axioms
are easy to verify. Having defined the free product of two groups, we can easily show
that the operation ˚ is associative, and thus one can also define the free product of
any finite number of groups by ˚n

i“1Gi “ G1 ˚ G2 ˚ ¨ ¨ ¨ ˚ Gn. More generally, we can
analogously define the free product of a collection of groups tGαuαPA where A is a
set of any cardinality. The underlying set of ˚αGα is as before the set of (finite)
words g1g2 . . . gn with gi P Gαi for some αi P A, where consecutive letters come from

1This is not as obvious as it seems, but we omit the classical proof. For a proof, see chapter 11
of [Rot95].
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different groups, i.e. αi ‰ αi`1. The group operation is the also the same as in the
finite case.

Example 4.1. The free product of n copies of Z. In order not to confuse the
elements of the different copies of Z, we can identify the ith copy of Z with the
set t. . . , x´2

i , x´1
i , 1, xi, x

2
i , . . . u in the obvious way. After this identification, we see

that an element of the group ˚n
i“1Z is a word in the alphabet tx1, x2, . . . , xnu and

their inverses and powers, where reducing a word looks like regular multiplication of
algebraic variables. This group belongs to an important family called the free groups
on |A| generators, which we denote by F|A| “ ˚αPAZ, where the indexing set A is of
any cardinality.

The following universal property holds of the free product. A collection of homo-
morphisms tφα : Gα Ñ Huα extends uniquely to a homomorphism Φ : ˚αGα Ñ H.
Namely, a word g1g2 . . . gm where gi P Gαi is mapped by Φ to the product φα1pg1qφα2pg2q

. . . φαmpgmq in H. One can verify that this gives a well-defined homomorphism of
groups, and that this property characterizes a unique (up to isomorphism) group iso-
morphic to the construction presented above. We can restate this property in the
commutativity of the following diagram.

G1

G2

... ˚αGα H

Gα

...

φ1

φ2

φα

Φ

4.2 The Theorem

Theorem 4.2. (van Kampen). Let X be the union of path-connected open sets Aα
each containing the basepoint x0, where each pairwise intersection Aα X Aβ is path
connected. Let Φ : ˚απ1pAα, x0q Ñ π1pX, x0q be the unique homomorphism extending
the maps π1pAα, x0q Ñ π1pX, x0q induced by the inclusions Aα ãÑ X. Then, Φ is
surjective.
Let fαβ : π1pAαXAβ, x0q Ñ π1pAα, x0q be the map induced by inclusion. If in addition
every intersection AαXAβXAγ is path-connected, then the kernel of Φ is the smallest
normal subgroup N containing elements of the form fαβpωqfβαpωq

´1 for ω P π1pAα X
Aβ, x0q. Therefore, π1pXq – ˚απ1pAαq{N . 2

2This construction is known as the amalgamated free product of π1pAαq with respect to the maps
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Proof. First, we will show that Φ is surjective. Let f : I Ñ X be a loop based at x0.
Then, the preimages under f of the open sets Ai form an open cover of the interval.
So by compactness of, there is a subdivision 0 “ s1 ă s2 ă ¨ ¨ ¨ ă sk “ 1 of I such
that, for each j, fprsj´1, sjsq Ď Aαj for some αj. Let fj be the restriction of f to
rsj´1, sjs. For each j, fix a path gj in Aαj X Aαj`1

from x0 to fpsjq. Notice that f is
homotopic to the loop pf1 ¨g

´
1 q ¨ pg1 ¨f2 ¨g

´
2 q ¨ ¨ ¨ ¨ ¨ pgk´2 ¨fk´1 ¨g

´
k´1q ¨ pgk´1 ¨fkq, and that

each factor pgj´1 ¨ fj ¨ g
´
j q is a loop representing an element of π1pAαj , x0q. Therefore,

this representation of f gives a (possibly unreduced) word of ˚απ1pAα, x0q, and so
rf s P Im Φ.

By a factorization of rf s we mean a representation of rf s P π1pX, x0q as a formal
product of homotopy classes of loops rf1s . . . rfks, where each rfjs is an element of
πpAαj , x0q for some αj, and where f „ f1 ¨ ¨ ¨ ¨ ¨ fk. We say that two factorizations
are equivalent if it is possible to get from one factorization to the other by applying
a finite sequence of the following two moves and their inverses:

• combine two consecutive classes rfisrfi`1s into a single class rfj ¨ fj`1s if both
classes are in the same π1pAαq;

• view a class rfjs as an element of π1pAαq instead of π1pAβq if fj is a loop in
Aα X Aβ.

Notice that applying the first move does not change the reduced word in ˚απ1pAαq
represented by the factorization, and applying the second move does not change its
coset in ˚απ1pAαq{N . Therefore, to prove the second claim, it suffices to show that
different factorizations of rf s are equivalent.

Let rf1srf2s . . . rfks and rf 11srf
1
2s . . . rf

1
ks be two factorizations of rf s (we can assume

WLOG that they both contain the same number of factors since we are free to add
some trivial classes to make them equal). Since f1 ¨ ¨ ¨ ¨ ¨ fk „ f „ f 11 ¨ ¨ ¨ ¨ ¨ f

1
k, there

is a homotopy H : I ˆ I Ñ X of loops in X from f1 ¨ ¨ ¨ ¨ ¨ fk to f 11 ¨ ¨ ¨ ¨ ¨ f
1
k. By

compactness of I ˆ I, we can find a subdivision 0 “ s1 ă s2 ă ¨ ¨ ¨ ă sp “ 1 and a
subdivision 0 “ t1 ă t2 ă ¨ ¨ ¨ ă tq “ 1 so that Hprsi´1, sis ˆ rtj´1, tjsq lies inside a
single neighborhood Aα. Index the rectangles rsi´1, sis ˆ rtj´1, tjs as R1, R2, . . . , Rpq

from left to right, then from bottom to top. Notice that each homotopy class in the
first factorization of rf s is represented by the restriction of H to some consecutive
edges on the bottom side of I ˆ I, and similarly for the second factorization with the
top side.

For a vertex psi, tjq in our grid of I ˆ I, we want to take a path from x0 to the
image under H of that vertex. The problem is that Hpsi, tjq might be contained in
the intersection of four different neighborhoods – each of which containing the image
of one of the rectangles that share this vertex – which might not be path-connected.
This is not a problem, however, since slightly perturbing the edges in the grid can
make each vertex the meeting point of at most three rectangles, as shown in Figure
4.1 (we can ensure that our subdivisions were fine enough so that each perturbed
rectangle still map into a single neighborhood). Thus, we use our hypothesis that

fij and fji, and it is their pushout in the category of groups. Thus, van Kampen Theorem provides
sufficient conditions for the preservation of pushouts under the functor π1

21



triple intersections are path-connected to get a path uv from x0 to Hpvq for each
vertex v.

Figure 4.1 the domain of H

Let γi be the loop defined by the restriction of H to the path in our grid of I ˆ I
that connects the left side to the right side and separates R1, . . . , Ri from the other
rectangles of the grid, as in Figure 4.1. We can factorize rγis as follows. First, notice
that we can express γi as a concatenation of paths given by its evaluation on the
edges of the grid on which it is defined, and each such path stays inside a single
neighborhood Aα. Given an edge e of the grid that starts at the vertex v and ends
at v1, let γ1i

ˇ

ˇ

e
“ uv ¨ γi

ˇ

ˇ

e
¨ u´v1 , which gives a factorization of rγ1is “ rγis since the image

of any edge under γ1i stays inside a single Aα.
Notice that the factorization of rγ0s (resp. rγpqs) is clearly equivalent to the first

(resp. second) factorization of rf s. Moreover, the intermediate loops γi for 0 ă i ă pq
are all homotopic to f in X and define intermediate factorizations of it. Therefore,
it is enough to see that for every i the factorizations we get for rγis and rγi`1s are
equivalent. Observe that γi is homotopic to γi`1 via a homotopy inside a single
neighborhood Aαi for some αi, which is given by H

ˇ

ˇ

Ri`1
. We apply the second move

to view the factors of rγis and rγi`1s corresponding to the edges of Ri`1 as elements
of π1pAαi , x0q; then, we apply the first move to combine all the factors corresponding
to edges in Ri`1 into a single factor; and finally we apply the homotopy H

ˇ

ˇ

Ri`1
to

see that the factors we get from both factorizations is indeed the same element of
π1pAαi , x0q. This shows that the factorizations of rγis and of rγi`1s are equivalent and
the proof is complete.

Corollary 4.3. If in addition to the hypotheses of Theorem 4.2 every pairwise inter-
section Aα X Aβ is simply connected, then π1pXq – ˚απ1pAαq.
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4.3 Applications

Example 4.4. We can use van Kampen theorem to compute the fundamental group
of the wedge of circles

Ž

αPJ S1
α, where every S1

α is an identical copy of the circle with a
marked basepoint xα. Let x0 be the common basepoint after identifying all the points
xα in the wedge. For every α P J , let Uα be a contractible neighborhood of xα in S1

α,

and let Aα “ S1
αY

´

Ť

βPJztαu Uβ

¯

. Each Aα is path-connected and open in the wedge

of circles, and their union covers the wedge; additionally, the intersection of any two or
more distinct sets of tAαuαPJ is

Ť

αPJ Uα which is also path-connected. Therefore, the
hypotheses of van Kampen theorem are satisfied. Notice that π1 p

Ť

αPJ Uα, x0q – 0,
and π1pAα, x0q – Z. It follows that π1pp

Ž

αPJ S1q – ˚αPJZ – F|J |, the free group on
|J | generators.

A graph can be realized as a topological space as follows. A topological graph is
a space the consists of a set of distinct points (vertices) and a set of homeomorphic
images of the unit interval (edges), with each edge glued to two vertices from its
endpoints. A tree is a connected graph that contains no closed loops. A maximal
tree (also called a spanning tree) in a graph is a tree that is not properly contained
in any other tree in the graph. It is a standard result in graph theory that any
connected graph has a maximal tree, and that such a tree contains every vertex of
the graph (for a proof and an algorithm to construct maximal trees, see section 1.3.3
of [HHM08]. Van Kampen theorem gives us the following characterization of the
fundamental groups of graphs.

Theorem 4.5. Let X be a connected graph and T Ď X a maximal tree. Then,
π1pXq – Fn, where n is the number of edges in XzT .

Proof. Since T contains every vertex, the quotient X{T collapses T into a point and
each edge in XzT into a cycle. Thus, X{T is homeomorphic to

Žn
i“1 S1. By proving

that the quotient map q : X Ñ X{T is a homotopy equivalence, the theorem will
follow from example 4.4 and the fact that the fundamental group is a homotopy
invariant. Fix a vertex v0 in X, and for each other vertex vi, let ui be a path from v0

to vi in T . Define a map s : X{T –
Ž

S1 Ñ X by sending a circle corresponding to
the edge e from a vertex v1 to v2 to the concatenation u1 ¨e ¨u

´
2 . The composition q ˝s

on any cycle in the wedge looks like v0 ¨ 1S1 ¨ v0, which is homotopic to the identity.
We can find a deformation retraction of T contracting it to v0 and thus the two maps
s ˝ q

ˇ

ˇ

T
and 1T are homotopic. We can then extend such a homotopy on all of X by

specifying a homotopy from each edge e in XzT with endpoints ui and uj to ui ¨e ¨u
´
j ,

which is easily done.

23



Chapter 5

Interlude on Inverse and Direct
Limits

In this chapter, we will describe two important constructions: the inverse limit (or
projective limit) and the direct limit (or injective limit).1 These constructions are
characterized by the same universal properties for sets, groups, and topological spaces.
To avoid repetition, we will sometimes refer sets, groups, and topological spaces
by the generic word “object”, where the maps between the objects depend on its
type: functions for sets, homomorphisms for groups, and continuous functions for
topological spaces.

5.1 Universal Properties

An inverse system is a sequence of objects tXnunPN and maps fn : Xn`1 Ñ Xn. 2

. . . Xn`1 Xn . . . X2 X1
f1f2fnfn`1 fn´1

The inverse limit of this system, denoted as lim
ÐÝn

Xn, is an object X together with

projection maps gn : X Ñ Xn such that for every n P N, the diagram

X

Xn`1 Xnfn

gn
gn`1

commutes, and it is universal in the following sense: for any other object X 1 with
maps g1n : X 1 Ñ Xn satisfying fn ˝ g

1
n`1 “ g1n for all n, there exists a unique map

1Confusingly enough, in the general setting of category theory an inverse limit is an example of
a limit, whereas a direct limit is an example of a colimit.

2What we describe here is in fact a special case of a more general construction of inverse limits
in which the indexing set of the system need not be N, but can any partially ordered set.
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h : X 1 Ñ X making the the diagram

X 1 X

Xn

gn
g1n

h

commute for every n. In other words, the pair pX, tgnunPNq is the terminal one
among all such objects with compatible maps. We can summarize the definition in
the following commutative diagram.

X 1

X “ lim
ÐÝn

Xn . . . Xn . . . X2 X1f1f2fn´1fn

g2
gn

g1

g1n

g12

g11

h

The notions of a direct system and a direct limit are defined similarly but with all
arrows reversed (we call these constructions duals for this reason). A direct system is
a sequence of objects tXnunPN and maps fn : Xn Ñ Xn`1.

X1 X2 . . . Xn Xn`1 . . .
f1 f2 fn´1 fn fn`1

The direct limit of this system, denoted as lim
ÝÑn

Xn, is an object X together with maps

gn : Xn Ñ X such that for every n P N, the diagram

Xn Xn`1

X

fn

gn
gn`1

commutes for all n, and it is universal among such objects; i.e. given another object
X 1 with maps g1n : Xn Ñ X 1 satisfying g1n`1 ˝ fn “ g1n for all n, there exists a unique
map h : X Ñ X 1 such that h ˝ gn “ g1n.

The direct and inverse limits, if they exist, are unique up to a unique isomorphism
making the obvious diagram commute. By an isomorphism we mean a map φ : X Ñ

Y such that there exists a map ψ : Y Ñ X with φ ˝ ψ “ 1Y and ψ ˝ φ “ 1X , which
generalizes a bijection of sets, an isomorphism of groups, and a homeomorphism of
topological spaces. We will show the uniqueness for the inverse limit and the proof
for the direct limit is analogous.

Proposition 5.1. Let X and Y , with projection maps tgnunPN and thnunPN respec-

tively, be inverse limits of the inverse system . . .
f2
ÝÑ X2

f1
ÝÑ X1. Then, there is a

unique isomorphism φ : X Ñ Y such that hn ˝ φ “ gn for all n P N.
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Proof. By the universal property of Y , we have a unique map φ : X Ñ Y satisfying
the required commutativity condition. Similarly, by the universal property of X, we
have a unique map ψ : Y Ñ X such that gn ˝ ψ “ hn for each n. We will show that
these are mutual inverses.

Notice that both of the maps ψ ˝ φ and 1X are solutions for s in gn ˝ s “ gn.
Considering the uniqueness of the map in the universal property when taking both
X and X 1 to be X with projection maps gn, we conclude that ψ ˝ φ “ 1X . Similarly,
φ ˝ ψ and 1Y are both solutions for t in hn ˝ t “ hn, and so by uniqueness again we
get φ ˝ ψ “ 1Y .

X

Y

X

Y

. . . Xn`1 Xn . . .

φ

ψ

φ

1Y

1X

5.2 Inverse and Direct Limits of Sets, Groups, and

Topological Spaces

Although the universal properties uniquely characterize the inverse and direct limits
(when they exist) in a very general setting, it is useful to understand the “microscopic”
structure of these objects in the specific context of sets, groups and topological spaces.
By giving their explicit construction, we will have also proved that when our objects
are sets, groups, or topological spaces, the inverse and direct limits always exist.

Given an inverse system of sets . . .
f2
ÝÑ X2

f1
ÝÑ X1, the inverse limit of this system

is given by

lim
ÐÝn

Xn “ X :“

#

px1, x2, . . . q P
ź

nPN

Xn

ˇ

ˇ

ˇ
xi “ fipxi´1q @i P N

+

,

with projections given by the restrictions of the natural projections pi :
ś

nPNXn Ñ Xi

to X. By uniqueness of the inverse limit, it is enough to verify that X satisfies the
universal property. Assume there is a set Y and projections tgi : Y Ñ XiuiPN. Then,
the mapping y ÞÑ pg1pyq, g2pyq, . . . q is the unique function h : Y Ñ X satisfying
pi
ˇ

ˇ

X
˝ h “ gi for every i P N.

The same construction gives the underlying sets of the inverse limit of groups and
of topological spaces. In the case of groups, X is viewed as a subgroup of the infinite
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direct product
ś

nPNXn (whose underlying set is the infinite cartesian product and
in which the operation is component-wise multiplication). It can be easily verified
that the functions described for sets are homomorphisms. In the case of topological
spaces, X is viewed as a subspace of the product

ś

nPNXn equipped with the product
topology and is topologized as such. Again, the maps defined for sets are continuous
in this case, and so the universal property holds. Equivalently, one can equip X
with the coarsest topology making the projection maps continuous (called the initial
topology).

Let X1
f1
ÝÑ X2

f2
ÝÑ . . . be a direct system of sets, and for every i ă j define

fi,j : Xi Ñ Xj by fi,j “ fj ˝ fj´1 ˝ ¨ ¨ ¨ ˝ fi. The direct limit of this system is

lim
ÝÑn

Xn “ X :“
ž

nPN

Xn

M

„,

the quotient of the disjoint union of the sets Xn by the equivalence relation given
by xi „ xj for xi P Xi and xj P Xj if and only if there is some k P N such that
fi,kpxiq “ fj,kpxjq. In other words, elements that eventually map to the same image
are identified. The maps Xi Ñ X are the maps that send an element to its equivalence
class, which clearly satisfy the commutativity requirement. Moreover, if a set Y is
given along with maps tgi : Xi Ñ Y uiPN satisfying the commutativity condition,
then we can define a map h : X Ñ Y on each equivalence class by selecting any
representative from that class, say xi P Xi and setting hprxisq “ gipxiq. This is
well-defined by the compatibility of the maps gi with the direct system. Thus, the
universal property holds for X.

Again, the same construction works as the underlying sets of the direct limit of
topological spaces. X is given the quotient topology on the disjoint union of the
spaces Xn with respect to the equivalence relation „. Equivalently, the topology on
X is the finest topology making the maps Xi Ñ X continuous for all i P N (called
the final topology). For groups, it is almost the same construction except that now,

instead of the disjoint union, we have the free product; 3 i.e. lim
ÐÝn

Xn “ ˚nPNXn

M

„,

with the same equivalence relation „. If xi P Xi and xj P Xj, multiplication is
defined by rxisrxjs “ rfi,kpxiqfj,kpxjqs for any k ě i, j. Well-definedness can be easily
checked, and the group axioms are inherited from those of the groups Xn. Under
this group structure, verifying that the maps described for sets are homomorphisms
is also straightforward.

3Notice that the universal property for the free product described earlier precisely characterizes
disjoint unions when groups and homomorphisms are replaced by sets and functions. Both concepts
are manifestations of the same categorical construction called coproduct. Coproducts are the duals
to products, and quotient objects are duals to sub-objects, which clarifies the connection between
the seemingly unrelated constructions for the dual notions of direct and inverse limits.
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Chapter 6

Non-Semilocally Simply Connected
Spaces

Recall that a space is called wild if it is not semi-locally simply connected at one or
more of its points (see definition 3.15), i.e. if there is a point in the space from which
it is possible to construct arbitrarily small loops that are not nullhomotopic. In this
section, we will study some examples of wild spaces and their degree of wildness.

6.1 The Hawaiian Earring

Our first example of a wild space is the Hawaiian earring. Define the circle Cn “
tpx, yq P R2 | px´ 1

n
q2 ` y2 “ 1

n2 u centered at p1{n, 0q with radius 1{n. The Hawaiian
earring is then defined as the union H “

Ť

ně1Cn of all these circles, which are
mutually tangent at x0 “ p0, 0q (see Figure 3.3). We give H the subspace topology
from R2. At first glance, one might think that this space is homeomorphic to a
countable wedge of circles. One way to see that this is not true is to note that
H is a closed and bounded subset of R2, and is therefore compact by Heine-Borel
Theorem; whereas the countably infinite wedge of circle is not compact since, for
example, taking an open cover in which each open set covers one full circle and a
small neighborhood of the basepoint of every other circle, we easily see that it has
no finite subcover. Indeed, we know from example 4.4 that the fundamental group of
the countable wedge is ˚nPNZ, while the fundamental group of the earring will turn
out to be a much more intricate object.

Another way to define the Hawaiian earring is via inverse limits. Let Xn “
Ťn
k“1Ck. For each n P N, there is a retraction rn : Xn`1 Ñ Xn that collapses the

circle Cn`1 to x0 and acts as the identity on the circles Ck for k ď n. This gives the
following inverse system.

. . . Xn`1 Xn . . . X2 X1
r1r2rn´1rnrn`1

Proposition 6.1. H – lim
ÐÝn

Xn.

Proof. Let fk : H Ñ Xk be the map obtained by collapsing all circles in HzpC1 Y
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C2 Y ¨ ¨ ¨ Y Ckq to x0, and maps each Ci for 1 ď i ď k homeomorphically via a map
hi into the corresponding circle. These maps are compatible with the inverse system,
i.e. rk´1 ˝ fk “ fk´1 for every k. Therefore, by the universal property, we have a
unique map f : H Ñ lim

ÐÝn
Xn making all the obvious triangles commute. Notice that

if x P H is a point on the nth circle, we have

fpxq “ px0, x0, ..., x0, hnpxq, hnpxq, ...q P lim
ÐÝn

Xn Ă
ź

ně1

Xn,

where the first occurrence of hnpxq is at the nth position. Assume that fpxq “ fpyq
for some x, y P H By comparing the tuples we conclude that x and y lie in the
same circle, say the nth circle, and that hnpxq “ hnpyq. Thus, x “ y since hn is a
homeomorphism. Moreover, every element of lim

ÐÝn
Xn is a similar tuple and so it is

in the image of f . Therefore, f is a continuous bijection. Since the inverse limit is a
subspace of the product, and since the product of Hausdorff spaces is Hausdorff and
a subspace of a Hausdorff space is Hausdorff, lim

ÐÝn
Xn must be Hausdorff as an inverse

limit of Hausdorff spaces. Since f is a continuous bijection from a compact space to
a Hausdorff space, it must be a homeomorphism (for a proof, see Theorem 5.24 of
[Cro05]).

The topology on H is coarser than that of
Ž

ně1 S1. Indeed, there are natural
maps from the wedge to each of the spaces Xn that are compatible with the inverse
system, and so we get a continuous map

Ž

ně1 S1 Ñ H by the universal property of
the inverse limit.

The Hawaiian earring is one of the simplest wild spaces in a sense: it only fails
to be semi-locally simply connected at a single point. The following definition due to
Brazas is useful for studying the degree of wildness of a space.

Definition 6.2. [Bra20] Given a space X, the topological 1-wild set of X is defined
as wpXq “ tx P X | X is not semi-locally simply connected at xu equipped with the
subspace topology.

In this notation, we write wpHq “ tx0u.

6.2 Related Spaces

Once we have the Hawaiian earring, we can define other wild spaces in various ways.
The double Hawaiian earring, for instance, is a space constructed as follows. Let Cn
and Dn be the circles of radius 1{n centered at p 1

n
, 0q and p´1 ´ 1

n
, 0q, respectively.

Then the double earring is defined as DE “
Ť

ně1CnYpr´1, 0sˆ t0uqY
Ť

ně1Dn. Its
topological 1-wild consists of the two points p´1, 0q and p0, 0q.
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Figure 6.1 the double Hawaiian earring

Consider the open path-connected sets U “
Ť

ně1Cn Y pp´1, 0s ˆ t0uq and V “
Ť

ně1Dn Y pr´1, 0q ˆ t0uq with the basepoint p´1
2
, 0q. By applying van Kampen

theorem, we see that π1pDEq “ π1pHq ˚ π1pHq.
One can construct much more complicated spaces using the earring. The wild

circle, W, is defined by attaching a copy of H at each point of S1 as shown in Figure
6.2. Note that wpWq “ S1 with its usual topology. Given compact, connected, locally
connected metric spaces X and Y , it was shown by Eda that if wpXq and wpY q are
not homotopically equivalent, then X and Y themselves are not homotopy equivalent
[Eda10]. So each of the three spaces we described so far are of different homotopy
types. The proof of this theorem, however, is beyond the scope of this thesis.

Figure 6.2 the wild circle

There are wild spaces in higher than one dimension as well. One such space is the
harmonic archipelago, HA. Consider the disc D Ă R3 of radius 1{2 and centered at
p1{2, 0, 0q. Draw a copy of the Hawaiian earring on D, and let Cn denote the nth circle
of the earring, as before. For each n P N take a small disc En between Cn and Cn`1

and push it upwards to make a “hill” of height 1. More formally, if Kn is a (smooth)
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cone of height 1 above En, then HA “ Dz
`
Ť

ně1 IntpEnq
˘

Y
`
Ť

ně1Kn

˘

. This space is
different from all the previous spaces in that it is not compact; indeed, if the top point
of the nth hill is denoted by an, then lim

nÑ8
an “ p0, 0, 1q R HA. Although it may seem

at first glance that HA is contractible, the compactness of I ˆ I will necessitate that
no homotopy deforms a loop over infinitely many hills, as we will show in Chapter 8.
The harmonic archipelago is thus not semi-locally simply connected at p0, 0, 0q, and
wpHAq “ tp0, 0, 0qu.

Figure 6.3 the harmonic archipelago
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Chapter 7

The Fundamental Group of the
Hawaiian Earring

In chapters 3 we saw the importance of universal coverings in calculating fundamental
groups. The Hawaiian earring, however, possesses no universal covering. Last chapter,
we expressed the earring as an inverse limit of an approximating sequence of semi-
locally simply connected spaces, each of which has a universal covering. In this
chapter, we will be able to use these coverings to construct a space that “almost
covers” H, in the sense that it would enjoy many of the lifting properties that universal
covers have. This will allow us to realize the fundamental group of the Hawaiian
earring (henceforth referred to as the Hawaiian group) as a subgroup of the inverse
limit of fundamental groups of the approximating spaces. As a result, we will be able
to give a combinatorial description of the π1pHq in terms of “transfinite words”. As
we will see, this approach easily generalizes to many other 1-dimensional spaces. The
approach we take is due to Eda and Kawamura [EK98] building on the ideas of Curtis
and Fort [CF59], and an exposition of it can be found [Bra13, Bra19a, Bra19b].

7.1 Wild Loops

For every n ě 1, denote by `n : I Ñ H the loop that traverses the nth circle of
the earring. Intuitively, it seems that the homotopy classes of the loops `n should
generate the Hawaiian group. But these are not generators in the standard sense due
to the fact that we can have infinite words in the letters r`ns. For example, the map
γ : I Ñ H defined on the interval rn´1

n
, n
n`1
s for each n ě 1 to be the loop traversing

the nth circle of H and γp1q “ x0 “ p0, 0q gives us a loop in H. It seems that the
homotopy class rγs “ r`1 ¨ `2 ¨ `3 ¨ . . . s does not belong to the free subgroup in π1pHq
generated by tr`1s, r`2s, . . . u. Indeed, the following proposition, along with the fact
that the free group on countable generators is countable, shows that π1pHq is vastly
more complicated.

Proposition 7.1. π1pHq is uncountably generated.

Proof. It suffices to show that π1pHq is uncountable. Define the direct product
ś

αGα
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of groups Gα to be their cartesian product with the operation of component-wise mul-
tiplication. We will prove the theorem by finding an injection from the uncountable
group

ś

nPN Z{2Z into π1pHq. Given a sequence s “ panq P Z{2Z, define a loop
γs : I Ñ H by setting γsp1q “ x0 and letting the image of rn´1

n
, n
n`1
s be constant at

x0 if an “ 0, and be the loop traversing the nth circle of the earring otherwise. Given
s “ panq ‰ pbnq “ t, then, WLOG, there exists N P N such that aN “ 1 and bN “ 0.
Let qN : HÑ CN be the retraction that collapses all circles to x0 except for the N th

circle. Then in π1pCNq – Z, rqN ˝ `N s “ rqN ˝ γss “ 1, whereas rqN ˝ γts “ 0. So
rγss ‰ rγts, and the map s ÞÑ γs is injective.

It seems that we are able to take infinitary products inside the Hawaiian group.
However, the algebraic definition of a group formally only allows finitary products.
For a discussion on what makes this possible in the Hawaiian group, see the last
section of this chapter, and for more comprehensive treatment of this phenomena
refer to [Bra18, CC00].

7.2 Combinatorial Structure of the Hawaiian Group

In Theorem 6.1, we showed that the Hawaiian earring is homeomorphic to the inverse
limit of the system

. . . Xn`1 Xn . . . X2 X1,
r1r2rn´1rnrn`1

where Xn “
Ťn
k“1Ck with the subspace topology from R2, and for each n, rn is the

retraction collapsing the Cn`1 to the basepoint. Notice that Xn is homeomorphic
to

Žn
k“1 S1, and we have computed the fundamental group of the wedge of n circles

as π1 p
Žn

k“1 S1q – Fn generated by g1, g2, . . . , gn, where gi is represented by the loop
traversing the nth circle. Applying π1 to the whole inverse system, we get the following
inverse system of groups.

. . . Fn`1 Fn . . . F2 F1,
r1#r2#rn´1#

rn#rn`1#

where the bonding map rn#
“kills” gn and sends every other generator to itself.

Taking the limit of this system we get a group lim
ÐÝn

Fn. 1 Let qn : H Ñ Xn be

the map collapsing all but the first n circles to the basepoint x0. Then, by the
universal property of lim

ÐÝn
Fn, the family of maps qn#

: π1pHq Ñ Fn induces a canonical

homomorphism Ψ : π1pHq Ñ lim
ÐÝn

Fn. It turns out that the map Ψ is injective, which

allows us to understand the Hawaiian group as a subgroup of lim
ÐÝn

Fn. This is called the

Shape Injectivity Theorem, which was first proved by Morgan and Morrison [MM86].
This result is far from trivial and we will devote the next two sections to it, following

1This group is known as the first Čech homotopy group or the first shape group of H, and is
usually denoted by π̌1pHq. There is a general construction for Čech homotopy groups, but it is not
always defined via inverse limits as it is here.
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another proof due to Eda and Kawamura. [EK98]. But before we do this, let us see
how this theorem helps us understand the combinatorial structure of the Hawaiian
group.

Recall that elements of lim
ÐÝn

Fn are sequences pw1, w2, . . . q of words with wn P Fn

and qn#
pwn`1q “ wn. In other words, removing all instances of the letter gn`1 from

the word wn`1 and then reducing gives us precisely the word wn. The question then
remains: what is the image of Ψ?

Proposition 7.2. Ψ is not surjective.

Proof. Consider the sequence pwnq P lim
ÐÝn

Fn, where wn “ pg1g2g
´
1 g

´
2 qpg1g3g

´
1 g

´
3 q . . .

pg1gng
´
1 g

´
n q. Note that as n goes to infinity, the number of appearances of the letter

g1 grows arbitrarily. Thus, if Ψ were surjective, there would be a loop γ traversing C1

infinitely often. Assume this is the case and consider the loop q1 ˝ γ : I Ñ X1 – S1.
We can lift it to the universal cover R of X1 starting at 0 to get path Ćq1 ˝ γ : I Ñ R
onto r0,8q. But this is impossible due to compactness.

This gives us some idea of what kind of loops should be excluded.

Definition 7.3. Given w P Fn, define #kpwq for 1 ď k ď n to be the number of
appearances of gk or g´k in the reduced word w. A sequence pwnq P lim

ÐÝn
Fn is called

locally eventually constant if for every k ě 1 there exists N P N such that #kpwnq is
constant for all n ą N ; i.e. the sequence p#kpnqqně1 is eventually constant for every
k. Define ‖‖ σNZ ď lim

ÐÝn
Fn, called the free σ-product of Z, to be the subgroup of locally

eventually constant sequences.

Theorem 7.4. Ψ embeds π1pHq isomorphically onto ‖‖ σNZ.

Proof. We will prove injectivity in Theorem 7.14, but for now let us focus on surjec-
tivity. If Ψprγsq “ pwnq is not locally eventually constant, then there is some k such
that the number of appearances of gk and g´k in pwnq is unbounded. This gives a
contradiction as in Proposition 7.2. Therefore, Im Ψ Ď ‖‖ σNZ.

Let C Ă I be the middle-third Cantor set. Let
Ť

kě1pak, bkq be its complement
IzC, which consists of countably many open intervals. Define a loop γ : I Ñ H
by setting γpcq “ x0 for all c P C, and letting γ on every interval pak, bkq be either
constant at x0 or the loop corresponding to gnk for some nk ě 1. In that way, we can
define a loop corresponding to any sequence pwnq P ‖‖ σNZ. More formally, this follows
from the fact that there is an order preserving injection from any countable totally
ordered set (in this case the pseudo-generators in the transfinite word corresponding
to pwnq) into a dense totally ordered set (in this case the set of open intervals in IzC
with the natural order it inherits from I).

7.3 Trees and Dendrites

Although the Hawaiian earring has no universal covering, each space Xn in the in-
verse system we described does. Given a free group Fn and a set of generators
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A “ ta1, . . . , anu for Fn, define its Cayley graph X̃n as follows: put a vertex for every
element of Fn, and if two vertices g, h P Fn are related by an equation of the form
g “ hak for some 1 ď k ď n, connect the two vertices by an edge labeled ak. Define
a map pn : X̃n Ñ Xn –

Žn
k“1 S1 by sending every vertex to the basepoint x0 and

mapping the interior of every edge with the label ak homeomorphically to the kth

copy of S1ztx0u.

Proposition 7.5. The map pn : X̃n Ñ Xn is a universal covering.

Proof. Continuity is immediate from the definition. The preimage of a sufficiently
small neighborhood not containing x0 is a countable union of disjoint intervals home-
omorphic to it. Moreover, the preimage of a sufficiently small neighborhood of x0

(not containing any full circle) is a countable union of neighborhoods homeomorphic
to that neighborhood of x0, where the kth circle comes from the edge labeled ak.

So it remains to show that X̃n is simply connected. Suppose we have a loop in
X̃n, which means that there is a word w P Fn and generators ak1 , ak2 , . . . , akm such
that w ak1ak2 . . . akm “ w. Multiplying both sides from the left by w´1, we see that
there must be a reduction of ak1ak2 . . . akm to the empty word. But since any instance
of the loops corresponding to aka

´1
k can be contracted to its basepoint, this reduction

gives a nullhomotopy on the whole loop.

Figure 7.1 Cayley graph of the free group generated by ta, bu. Edge labels are in red
and vertex labels in black

The following is an important property for the study of wild spaces

Definition 7.6. An arc in X is a subspace of X homeomorphic to I. X is called
uniquely arc-wise connected if for any two distinct points x, y P X, there is a unique
arc in X whose endpoints are x and y.

Recall that a simple closed curve in X is a subspace of X homeomorphic to S1. We
have the following characterization of uniquely arc-wise connected spaces.
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Proposition 7.7. If X is uniquely arc-wise connected, then X is path connected and
contains no simple closed curve. The converse holds if X is weakly Hausdorff (i.e. if
the image under a continuous function of a compact space in X is closed).

Proof. Since S1 is not uniquely arc-wise connected, nor is a space containing a simple
closed curve. Assume that X is weakly Hausdorff, path connected, but not uniquely
arc-wise connected. So we have two arcs A,B with the same endpoints. WLOG, there
is a point a P AzB. A and B are closed in X since it is weakly Hausdorff, and so AXB
is closed in A and AzpAXBq “ AzB is open in A. Let u : I Ñ A be a homeomorphism,
and let pc, dq be the component of u´1pAzBq containing u´1paq. Let A1 “ uprc, dsq
and B1 is a subarc of B with endpoint upcq and updq, then A1XB1 “ tupcq, updqu and
A1 YB1 is a homeomorphic image of S1, i.e. a simple closed curve.

Remark: Containing no simple closed curve and being simply connected are inde-
pendent conditions. For example R2 contains simple closed curves and it is simply
connected. Conversely, the non-Hausdorff space X “ ta, b, c, du with the topology
τ “ tH, tau, tbu, ta, bu, ta, b, cu, ta, b, du, Xu, called the pseudo-circle, has the same
fundamental group as S1 while containing no simple closed curve!

Proposition 7.5 shows that the universal covers X̃n of the approximating spaces
for H are trees. We wish to have a space that retains enough of the properties of
universal coverings for H. A reasonable first guess would be to try to form an inverse
system of the spaces X̃n and consider their inverse limit. It is therefore useful to
understand the inverse limits of trees. It is easy to see that trees are contractible and
uniquely arc-wise connected. Now given an inverse system of trees

. . . Tn`1 Tn . . . T2 T1,
f1f2fn´1fnfn`1

if two points are mapped by fn to the same point, then the unique arc connecting
them is mapped to a subtree of Tn. Therefore, we should not have any simple closed
curve after we glue the trees in the inverse limit. Before we prove this, we need the
following lemma.

Lemma 7.8. Suppose A is an inverse limit of a system . . .
f2
ÝÑ A2

f1
ÝÑ A1 of Hausdorff

spaces, with projection maps gn : AÑ An. If X and Y are disjoint compact subsets of
A, then there is n ě 1 such that gnpXq X gnpY q “ H. Moreover, gkpXq X gkpY q “ H
for every k ě n.

Proof. The last statement follows immediately from the preceding one by contrapo-
sition. Assume towards a contradiction that for every n ě 1 there are xn P X and
yn P Y such that gnpxnq “ gnpynq, and so gkpxnq “ gkpynq for 1 ď k ď n. By com-
pactness of X and Y , we can find two subsequences txnju and tynju that converge to
x P X and y P Y respectively. Since A is Hausdorff as in inverse limit of Hausdorff
spaces, limits of sequences in A are unique; so it suffices to show that tynju also
converges to x.

Since the inverse limit is a subspace of the product, the neighborhoods of a of the
form U “ AX

ś

n Un, where Un Ď An is a neighborhood of gnpaq and Un “ An for all
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but finitely many n, for a basis form all neighborhoods of a in A. Since fn˝gn`1 “ gn,
and by continuity of fn, we may replace Un`1 by Un`1XWn`1, where fnpWn`1q Ď Un.
Repeating this process finitely many times until the maximum n for which Un ‰ An,
we get a basis of neighborhoods of a in A consisting of sets U “ AX

ś

n Un such that
there exists N P N with fnpUn`1q Ď Un for 1 ď n ă N and Un “ An for all n ą N .

Let U be an arbitrary neighborhood of x of the type described above. Since
txnju Ñ x, there exists J P N such that for all n ě 1, xnj P Un for every j ě J . We
choose J large enough so that nJ ą N , and let j ě J . Since gnjpxnjq “ gnjpynjq, we
also get gkpxnjq “ gkpynjq P Uk for all 1 ď k ď nj. Additionally, nj ě nJ ą N implies
that gkpynjq P Uk for all 1 ď k ď N (and also trivially for k ą N). Therefore, for all
j ě J , ynj P U and tynju converges to x.

Theorem 7.9. An inverse limit of trees contains no simple closed curves.

Proof. Let . . .
f2
ÝÑ T2

f1
ÝÑ T1 be an inverse system of trees and let X “ lim

ÐÝn
Tn be

their inverse limit with projection maps gn : X Ñ Tn. X is Hausdorff as an inverse
limit of trees which are themselves Hausdorff. Assume towards a contradiction that
f : S1 Ñ X is an embedding of a simple closed curve, and for i “ 1, 2, 3, 4 let Si denote
the image under f of the intersection of S1 with each of the four quadrants of the
complex plane (including the bounding axes and arranged counterclockwise starting
with the positive-real positive-imaginary quadrant). Note that S1XS3 “ S2XS4 “ H.
Let x “ fp1q and y “ fp´1q. Let ui be the path traversing Si in an orientation such
that u1 ¨ u2 and u4 ¨ u3 are the two arcs in fpS1q from x to y.

By the previous lemma, there exists m P N such that gmpS1qX gmpS3q “ gmpS2qX

gmpS4q “ H. In particular gmpxq and gmpyq are distinct and are thus connected by
a unique arc in Tm. Let α : I Ñ Tm traverse this arc from gmpxq to gmpyq. So
α is the reduced (i.e. containing no nullhomotopic subpath) representative of both
gm ˝pu1 ¨u2q “ pgm ˝u1q ¨ pgm ˝u2q and gm ˝pu4 ¨u3q “ pgm ˝u4q ¨ pgm ˝u3q. Considering
the homotopy from pgm ˝ u1q ¨ pgm ˝ u2q to α, we see that an initial segment α

ˇ

ˇ

r0,ss
lies

in gmpS1q and a terminal segment α
ˇ

ˇ

rs,1s
lies in S2. Similarly, there is t P I such that

α
ˇ

ˇ

r0,ts
lies in gmpS4q and α

ˇ

ˇ

rt,1s
lies in S3. Therefore, one of the following cases occur:

• s ă t so that αprs, tsq Ď S2 X S4;

• t ă s so that αprt, ssq Ď S1 X S3; or

• s “ t so that αpsq P S1 X S2 X S3 X S4.

In every case, we get a contradiction.

Corollary 7.10. Every path-component of an inverse limit of trees is uniquely arc-
wise connected.

Before we prove shape injectivity, we need to introduce one last tool from contin-
uum theory. First we make the following definitions.
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Figure 7.2 the arc hedgehog

Definition 7.11. A Peano continuum X is a Hausdorff space such that there is a
surjection I Ñ X.2 A dendrite is a Peano continuum containing no simple closed
curve.

A typical example of a dendrite is the so-called arc hedgehog, denoted by ahpωq,
which is the countable wedge of intervals of length 1{2n glued at an endpoint. It
is not hard to see that the arc hedgehog can be realized as an inverse limit of trees
as shown in Figure 7.2. The following theorem tells us that this is always true for
dendrites. For a proof, see Theorem 10.27 of [Nad92].

Theorem 7.12. Every dendrite is homeomorphic to the inverse limit of trees Tn,
where T1 “ I, Tn`1zTn is an arc, and the bonding retractions rn : Tn`1 Ñ Tn collapse
the the arc Tn`1zTn to the attachment point Tn`1zTn X Tn “ tpnu.

The next theorem will be crucial for the proof of shape injectivity.

Theorem 7.13. Dendrites are contractible.

Proof. Suppose D is a dendrite. From the previous theorem, D “ lim
ÐÝn

Tn where

. . .
r2
ÝÑ T2

r1
ÝÑ T1 “ I are trees with each retraction rn contracting a single arc added.

Let v0 “ 0 be the basepoint of T1, and since the bonding maps rn are retractions,
we may take v0 to be the basepoint of all trees Tn. We wish to contract D to the
point x0 “ pv0, v0, . . . q. We will proceed by induction. Let H1 : T1 ˆ I Ñ T1 be
the contraction given by H1px, tq “ tx, and suppose that we have constructed a
contraction Hn´1 : Tn´1 ˆ I Ñ Tn´1 with Hn´1px, 0q “ v0 and Hn´1px, 1q “ x. Let A
be the added arc TnzTn´1 and let a0 be its point of attachment. Let Gn : Tn ˆ I Ñ
pTn´1 ˆ Iq Y pAˆ t1uq be a retraction satisfying GnpAˆ Iq Ď pta0u ˆ Iq Y pAˆ t1uq
and GnpAˆt0uq “ tpa0, 0qu. Define Kn : pTn´1ˆ Iq Y pAˆt1uq Ñ Tn on Tn´1ˆ I to
be the same as Hn´1, and on Aˆ t1u by Knpa, 1q “ a. Then the map Hn :“ Kn ˝Gn

is a contraction of Tn extending Hn´1.
After constructing the contractions in this way, we get the following commutative

diagram.

. . . T2 ˆ I T1 ˆ I

. . . T2 T1
r1

r1ˆ1Ir2ˆ1I

r2

H1H2

2Peano continua are sometimes defined as connected, locally path-connected, compact, metrizable
spaces. The equivalence of these two definition is the statement of Hahn–Mazurkiewicz Theorem
(see Theorem 8.18 of [Nad92]).
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Since the bonding maps of the top inverse system act as the identity on the interval,
we have lim

ÐÝn
pTn ˆ Iq – p lim

ÐÝn
Tnq ˆ I – D ˆ I. Let qn : D ˆ I Ñ Tn ˆ I be the

projection maps. Then, we get projections to Hn ˝ qn : D ˆ I Ñ Tn to the bottom
inverse system, which induce a canonical map H : D ˆ I Ñ lim

ÐÝn
Tn – D.

D ˆ I – lim
ÐÝn

pTn ˆ Iq . . . T2 ˆ I T1 ˆ I

D – lim
ÐÝn

Tn . . . T2 T1
r1

r1ˆ1Ir2ˆ1I

r2

H1H2

q2ˆ1I
q1ˆ1I

H

Finally, if d P D, then Hpd, 0q “ pH1pq1pdq, 0q, H2pq2pdq, 0q, . . . q “ pv0, v0, . . . q “ x0

and Hpd, 1q “ pH1pq1pdq, 1q, H2pq2pdq, 1q, . . . q “ pq1pdq, q2pdq, . . . q “ d. Therefore, H
is the desired contraction.

7.4 1-Dimensional Shape Injectivity Theorem

We are finally ready to prove the Shape Injectivity Theorem. Recall that we had an
inverse system . . .

r2
ÝÑ X2

r1
ÝÑ X1 whose inverse limit is H. The images under π1 of the

projections of H onto Xn induce a canonical map Ψ : π1pHq Ñ lim
ÐÝn

π1pXnq – lim
ÐÝn

Fn.

Moreover, every space Xn has a universal covering map pn : X̃n Ñ Xn, where X̃n is
the Cayley graph of Fn, which is a tree.

Theorem 7.14. The canonical map Ψ : π1pH, x0q Ñ lim
ÐÝn

Fn injective.

Proof. We will show that the kernel of Ψ is trivial. Suppose γ : I Ñ H is a loop
based at x0 with rn ˝ γ : I Ñ Xn nullhomotopic for every n ě 1. Fix a basepoint x̃n
in each covering space X̃n. Since prn ˝ pn`1q#π1pX̃n`1, x̃n`1q “ teu “ pn#

π1pX̃n, x̃nq,

it follows by Theorem 3.13 that there is a unique lift sn : X̃n`1 Ñ X̃n of rn ˝ pn`1

satisfying snpx̃n`1q “ xn. So we get the following diagram.

lim
ÐÝn

pX̃nq . . . X̃3 X̃2 X̃1

H – lim
ÐÝn

Xn . . . X3 X2 X1
r1

s1s2

r2

p1p2p3

r3

s3

lim
ÐÝn

pn

Moreover the composition of pn with the projections lim
ÐÝn

X̃n Ñ X̃n induce a map

lim
ÐÝn

pn : lim
ÐÝn

X̃n Ñ lim
ÐÝn

Xn – H. Let H̃ be the path component of lim
ÐÝn

Xn containing

the point x̃0 “ px̃1, x̃2, . . . q, and let p : H̃Ñ H be the restriction of lim
ÐÝn

pn. The map
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p is not a covering (in fact H̃ is not even locally path-connected), but it exhibits many
of the nice lifting properties of coverings.

By Corollary 7.10, H̃ is uniquely arc-wise connected. Let γn be the projection of
γ to Xn, and let γ̃n be its unique lift to X̃n starting at x̃n (it will also end at x̃n by
part (ii) of Theorem 3.9 since γn is nullhomotopic). From the following diagram,

X̃n`1 X̃n

Xn`1 Xn

pn

sn

rn

pn`1I

γ̃n`1

γn`1

γn

γ̃n

pn ˝ sn ˝ γ̃n`1 “ rn ˝ pn`1 ˝ γ̃n`1 “ rn ˝ γn`1 “ γn. Therefore, sn ˝ γ̃n`1 and γ̃n both
lift γn and are based at x̃n, so they are identical by uniqueness of path lifting. Since
the loops γ̃n are compatible with the top inverse system, from the universal property
of the inverse limit, we get a canonical loop γ̃ : I Ñ lim

ÐÝn
X̃n based at x̃0 making the

whole diagram commute.
Let D “ Im γ̃, which is a Peano continuum by definition. Moreover, since D is

path-connected and contains x̃0, D Ď H̃ and therefore contains no simple closed loop,
i.e. it is a dendrite. By Theorem 7.13, D is contractible, so γ̃ is nullhomotopic in H̃
as it factors through a contractible subspace. Therefore, γ “ p ˝ γ̃ is nullhomotopic
in H and ker Ψ is trivial.

H̃ lim
ÐÝn

X̃n . . . X̃3 X̃2 X̃1

I D

H lim
ÐÝn

Xn . . . X3 X2 X1
r1

s1s2

r2

p1p2p3

r3

s3

lim
ÐÝn

pn

γ̃

„

p

γ

γ3

γ2

γ1

γ̃3

γ̃2

γ̃1

Notice that throughout the proof, we did not use any specific properties of H,
except that it is the inverse limit of spaces whose universal coverings are trees and
whose fundamental groups are free. Additionally, the proof of Proposition 7.5 easily
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generalizes to any graph giving us a tree as a universal covering, and Theorem 4.5
proves that the fundamental group of any graph is free. So we get the following more
general version of the theorem.

Theorem 7.15. (1-Dimensional Shape Injectivity Theorem). Given an inverse sys-

tem of graphs . . .
r2
ÝÑ X2

r1
ÝÑ X1, the canonical map π1

´

lim
ÐÝn

Xn

¯

Ñ lim
ÐÝn

π1pXnq into

the inverse limit of free groups is injective.

7.5 Algebraic Wildness of the Hawaiian Group

So far we have seen that there is some notion of multiplication of infinitely many
elements of π1pHq. In general, however, such an infinitary product is illegal in a
group, so there should be some additional structure that π1pHq enjoys, which allow
for these infinitary products. We want to instigate this phenomena in a more general
setting.

Suppose we have a group G and elements g1, g2, g3 ¨ ¨ ¨ P G. We want to be able
to form a product g8 “ g1g2g3 . . . . Similarly, we should be able to form any product
gngn`1gn`2 . . . such that

g´1
1 pg1g2g3 . . . q “ g2g3g4 . . . ,

g´1
2 g´1

1 pg1g2g3 . . . q “ g3g4g5 . . . , etc.

In other words, we need a sequence of “tails” t1, t2, t3, ¨ ¨ ¨ P G satisfying t1 “ g8 and
tn “ gntn`1 for every n ą 1. So in order to assign a value in G for the infinitary
product, we should find a sequence of tails ttnunPN and check that these relations
hold. Still, we run into the following problem. Take an arbitrary g P G and let
t1 “ g; we can inductively solve for tn`1 “ g´1

n tn so that the infinitary product g8
evaluates to g. Since g was arbitrary, our definition for the infinitary product will not
be well-defined. Even worse, if we start with any g ‰ e and take gn “ g for all n, then
g8 “ t1 “ ggg ¨ ¨ ¨ “ gt2; but t1 “ ggg ¨ ¨ ¨ “ t2 and so we get g “ e, a contradiction.

So we need a notion of convergence in order to talk about infinitary products.
The following definitions will provide us with such a notion.

Definition 7.16. A filtration tGkukPN in a group G is a descending sequence of (not
necessarily distinct) subgroups G “ G0 ě G1 ě G2 ě . . . . A sequence g1, g2, g3, . . . is
said to be shrinking in pG, tGkukPNq if for every k P N there exists Nk P N such that
for all n ě Nk, gn P Gk.

Now, if we have a shrinking sequence tgnu and another shrinking sequence of tails
ttnu satisfying tn “ gntn`1 for every n, we will call t1 an infinite product of tgnu.
The following proposition tells us precisely when this notion is well-defined, i.e. when
infinite products of shrinking sequences are unique regardless of the choice of tail
sequence.

Proposition 7.17. Infinite products in pG, tGkukPNq are well-defined if and only if
Ş

kPNGk “ teu.
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Proof. If there is a non-identity element g P
Ş

kPNGk, then both of the constant
sequences e, e, . . . and g, g, . . . are shrinking and are tail sequences for e, e, . . . . So
the product eee . . . is defined as both e and g.

To show the converse, suppose infinite products are not unique. Then, we have
a shrinking sequence tgnu with two shrinking tails ttnu and tsnu, with s1 ‰ t1. Let
g “ s´1

1 t1 ‰ e. From the tail condition, we have sns
´1
n`1 “ gn “ tnt

´1
n`1, so s´1

n`1tn`1 “

s´1
n tn for every n. In particular, s´1

n tn “ s´1
1 t1 “ g for every n. Given any k P N,

both ttnu and tsnu are eventually in Gk, and since Gk is a subgroup, so is ts´1
n tnu,

which is the constant sequence g, g, . . . . Therefore, g P
Ş

kPNGk since it is in every
Gk.

We saw that in the case of fundamental groups we can, at least for some spaces,
take infinite concatenation of loops by defining the product loop on each of the count-
able segments rn´1

n
, n
n`1
s. So what is the filtration we have in the case of fundamental

groups? Recall that a space is first countable at x if there is a countable set of neigh-
borhoods tUkukPN of x such that for any neighborhood U of x there exists k P N with
Uk Ď U . Given such a countable collection of neighborhoods tUkukPN around x satis-
fying Uk Ď Uk`1 for every k P N, let Gk be the image of the map π1pUk, xq Ñ π1pX, xq
induced by inclusion. Then, tGkukPN is a filtration on π1pX, xq. If X is semi-locally
simply connected at x0, then for all but finitely many k P N, Gk is trivial; in this case,
infinitary products are not as interesting since for a sequence of loops to be shrinking
in the filtration, all but finitely many of loops will be nullhomotopic.

Definition 7.18. [Bra20] A fundamental group π1pX, xq is infinitary if there is a loop
γ : I Ñ X based x and a closed set t0, 1u Ď C Ď γ´1pxq such that IzC has infinitely
many components pan, bnq, and for every n the subloop γ

ˇ

ˇ

ran,bns
is not nullhomotopic.

We call π1pX, x0q infinitary if it is infinitary at some point x P X; otherwise, it is
finitary.

The following characterization of spaces with infinitary fundamental groups illus-
trates the canonical role the Hawaiian earring plays in wild topology.

Proposition 7.19. A fundamental group π1pX, xq is infinitary if and only if there is
a map f : H Ñ X such that fpx0q “ x and the restriction of f to each circle is not
nullhomotopic in X.

Proof. Suppose we have a loop γ satisfying the previous definition, with γpCq “
x. Then, we have a map g : IzC Ñ X induced by restricting γ. Since IzC has
countable infinite number of components, Hztx0u – IzC. Additionally, the restriction
of g to each component defines an image of a map on a circle of H which is not
nullhomotopic. So we can extend define the desired function f : H Ñ X from g
through this isomorphism, and by setting fpcq “ x0 for all c P C.

Conversely, suppose we have a map f : H Ñ X satisfying the statement of the
proposition. Let γn be the restriction of f to the nth circle. We can form the infinite
concatenation γ “ γ1¨γ2¨. . . as usual by setting it on rn´1

n
, n
n`1
s to be a loop homotopic

to γn and γp1q “ x. Then, C “
 

0, 1
2
, 2

3
, 3

4
, . . . , 1

(

satisfies the definition.
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Chapter 8

The Fundamental Group of the
Harmonic Archipelago

So far we only dealt with fundamental groups of 1-dimensional spaces. In [FZ05],
Fisher and Zastrow proved a generalization of the 1-Dimensional Shape Injectivity
Theorem for all subsets of R2. The theorem fails, however, for subsets of R3. Here
we will examine such a space: the harmonic archipelago HA (defined in Chapter 6),
a wild 2-dimensional space that was first introduced in [BS98]. We will give two
descriptions of its fundamental group, as a direct limit of a sequence of Hawaiian
earring groups and as a quotient of the Hawaiian earring group. The description we
give is not the most satisfying, though, as one is left wondering about how its elements
look in terms of generators and relations. Indeed, the combinatorial structure of the
fundamental group of HA remains quite mysterious! For more details and properties
of π1pHAq, see [Fab05, Bra14].

Recall that, in the notation of Chapter 6, HA “ Dz
`
Ť

ně1 IntpEnq
˘

Y
`
Ť

ně1Kn

˘

,
where D is a disk in R2 on which a copy of H is drawn such that the basepoint of H
is x0 “ p0, 0, 0q, En is a disc between the nth circle Cn and the pn ` 1qth circle Cn`1

of H, and Kn is a cone of height 1 above En. Let Hěm “
Ť

němCn Ď H. Clearly,
HA is path-connected and locally path-connected. As we discussed earlier, letting an
denote the top point of Kn, we see that lim

nÑ8
an “ p0, 0, 1q R HA, so HA is not compact.

Similarly, if X is a compact space and we have a map f : X Ñ HA, then for any
ε ą 0, fpXq can only hit finitely many of the subsets Tn,ε “ tpx, y, zq P Kn | z ě εu
since otherwise we get a sequence tbnu in fpXq converging to p0, 0, zq with z ą 0.
Therefore, any homotopy H : I ˆ I Ñ HA of the loop `n traversing the circle Cn can
only deform it over finitely many hills by compactness of I ˆ I. So none of the loops
`n is trivial, and yet r`ns “ r`ms for all n,m P N as the next lemma shows.

Lemma 8.1. Every loop γ : I Ñ HA based at x0 is homotopic to a loop γm : I Ñ Hěm
for each m ě 1.

Proof. By the previous remarks, the image of γ lies in a space of the form
Y “ HAz p

Ť

nąk Tn,εq for some k. Let Dn denote the subset of Y between Cn and
Cn`1, which is homeomorphic to a disk, for 1 ď n ď k and homeomorphic to a punc-
tured disk for n ą k. Moreover, for every n ą k there is a deformation retraction
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Fn : Dn ˆ I Ñ Dn satisfying Fnpd, 1q P Cn Y Cn`1 for all d P Dn, expanding the hole
of Dn into the entire disc. Similarly, there is a deformation retraction flattening the
hill Kn into the xy-plane for every 1 ď n ď k and then contracting the resulting disk
between C1 and Ck`1 to Ck`1. Combining these two homotopies we get a deformation
retraction F : Y ˆ I Ñ Y satisfying F py, 1q P Hěk`1 for all y P Y . The restriction of
F to the image of γ gives us the desired homotopy of loops.

Corollary 8.2. The map φ : π1pH, x0q Ñ π1pHA, x0q induced by inclusion is surjec-
tive; and if gn P π1pH, x0q denotes the homotopy class of `n, then φpgnq “ φpgmq for
all n,m P N.

At this point, one is tempted to think that π1pHAq is quite small; far from it, it is
actually uncountable! (see [Fab05] for a proof).

As a direct limit: Let sn : Hěn Ñ Hěn`1 be the retraction mapping Cn home-
omorphically onto Cn`1, and let in : Hěn`1 ãÑ Hěn denote the inclusion. Since
sn ˝ in “ 1Hěn`1 , psn ˝ inq# “ sn#

˝ in#
“ 1π1pHěn`1q. So cn :“ sn#

is surjective
and in#

is injective. We call cn the induced retraction on fundamental groups. Let
φn : π1pHěn, x0q Ñ π1pHA, x0q be the homomorphism induced by inclusion. Then,
by Corollary 8.2, φn`1 ˝ cn “ φn. Therefore, we have a canonical homomorphism
Φ : lim

ÝÑn
π1pHěn, x0q Ñ π1pHA, x0q by the universal property of the direct limit, as is

shown in the diagram,

π1pHě1, x0q π1pHě2, x0q . . . lim
ÝÑn

π1pHěn, x0q

π1pHA, x0q

c1 c2

φ1 φ2 Φ

j1
j2

where jn denote the maps of the direct limit.

Theorem 8.3. The canonical map Φ : lim
ÝÑn

π1pHěn, x0q Ñ π1pHA, x0q is an isomor-

phism.

Proof. By Corollary 8.2, φ “ Φ˝j1 is surjective, and thus so is Φ. Since all cn are sur-
jections, lim

ÝÑn
π1pHěn, x0q can be identified with a quotient of π1pHě1, x0q. Therefore,

to show injectivity, it suffices to prove that for any loop γ : I Ñ Hě1 with φ1prγsq
nullhomotopic in HA, there exists n such that cn´1˝cn´2˝¨ ¨ ¨˝c1prγsq is the identity in
Hěn. If φ1prγsq is nullhomotopic in HA, then there is a nullhomotopy H : IˆI Ñ HA
contracting γ to x0. Again, due to compactness, the image of H only hits finitely
many hill tops. Composing with the homotopy F from Lemma 8.1, we obtain a null-
homotopy contracting sn´1 ˝ sn´2 ˝ ¨ ¨ ¨ ˝ s1 ˝ γ to x0. Thus, cn´1 ˝ cn´2 ˝ ¨ ¨ ¨ ˝ c1 ˝ γ is
the identity in Hěn, as desired.

Describing π1pHAq as a direct limit gives us the following universal property.
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Corollary 8.4. Suppose Y is first countable at y0. For every shrinking sequence of
loops tγnuně1 based at y0 such that γn „ γn`1 for all n, there is a unique induced
homomorphism f : π1pHA, x0q Ñ π1pY, y0q such that fpr`nsq “ rγns.

Proof. Notice that the condition of the corollary is precisely the same as having a
sequence of maps gn compatible with the direct system of fundamental groups, and
the map f is guaranteed by the universal property of the direct limit.

π1pHě1, x0q π1pHě2, x0q . . . lim
ÝÑn

π1pHěn, x0q – π1pHA, x0q

π1pY, y0q

c1 c2

g1 g2 f

As a quotient of π1pHq: We wish to describe π1pHAq as a quotient of the Hawaiian
group. To do that we will characterize the kernel of the surjective homomorphism
φ : π1pHq Ñ π1pHAq. Recall that we can represent elements of π1pHq as sequences
pwnq P lim

ÐÝn
Fn, i.e. where wn is obtained from wn`1 by deleting all instances of gn`1,

and the number of times any gn appears in wk is eventually constant as k Ñ 8.
Define σn on wn P Fn as follows: if n ă m, σmpwnq “ 1, where 1 represents the empty
word; otherwise, let σmpwnq be the reduced word in lim

ÐÝn
obtained after replacing each

of g1, g2, . . . , gm´1 by gm. Define ρm on lim
ÐÝn

Fn by

ρmpw1, w2, . . . q “ pσmpw1q, σmpw2q, . . . q “ p1, 1, . . . , 1, σmpwmq, σmpwm`1q, . . . q.

It is clear that for every m ě 1, the image of a locally eventually constant sequence
under ρm is also locally eventually constant.

Proposition 8.5. If rγs P π1pH, x0q corresponds to pw1, w2, . . . q P lim
ÐÝn

Fn, then rγs P

kerφ if and only if there is some m ě 1 such that ρmpw1, w2, . . . q is the identity of
lim
ÐÝn

Fn.

Proof. If rγs P kerφ corresponding to pw1, w2, . . . q P lim
ÐÝn

Fn, then γ is nullhomotopic

in HA. Composing this nullhomotopy with the homotopy F from the proof of Lemma
8.1, we obtain a loop γ1 which is nullhomotopic in Hěm. Notice that rγ1s viewed as
an element in the image of π1pHěm, x0q under the map induced by the inclusion
Hěm ãÑ Hě1 corresponds precisely to ρmpw1, w2, . . . q.

For the converse, suppose ρmpw1, w2, . . . q “ p1, 1, 1, . . . q where pw1, w2, . . . q corre-
sponds to rγs P π1pH, x0q. Then, cm´1 ˝ cm´2 ˝ ¨ ¨ ¨ ˝ c1prγsq “ rx0s. Therefore,

φprγsq “ φm ˝ cm´1 ˝ cm´2 ˝ ¨ ¨ ¨ ˝ c1prγsq “ rx0s,

from the diagram before theorem 8.3.
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Alternatively, we can use van Kampen Theorem to characterize the kernel of φ as
follow.

Proposition 8.6. Let φ : π1pH, x0q Ñ π1pHA, x0q be the map induced by inclusion.
Then, kerφ is the smallest normal subgroup containing elements of the form gng

´1
n`1

(called their the conjugate closure).

Proof. Let U0 “ tpx, y, yq P HA | z ă 1{2u be the “chopped” archipelago; and for
each n ě 1 let Bn be an open disk (to be attached to close the nth hill of U0, at say
height 1{3), and let Rn be a narrow open ribbon between Cn and Cn`1 connecting
Bn to the basepoint x0 so that any two such ribbons only intersect at a contractible
neighborhood of x0. Take Un “ BnYRn. Then tUnunPN is an open cover satisfying the
hypothesis of van Kampen Theorem. Notice that there is a deformation retraction
taking U0 to H and so π1pU0, x0q – π1pH, x0q. Moreover, Sn “ U0 X Un is a circle,
and the generator of its fundamental group is identified by the inclusion in : Sn ãÑ U0

with the homotopy class gng
´1
n`1. The only nontrivial pairwise intersections in our open

cover are of the form U0 X Un, and for each such intersection we have the following
diagram.

π1pU0, x0q – π1pH, x0q

π1pU0 X Un, x0q – xgng
´1
n`1y π1pHA, x0q

π1pUn, x0q – trx0su

φin#

By van Kampen Theorem,

π1pHA, x0q – pπ1pU0, x0q ˚ p˚ně1π1pUn, x0qqq
L

N

– pπ1pH, x0q ˚ trx0suq
L

N – π1pH, x0q{N,

where N “ kerφ is the smallest normal subgroup containing elements of the form
gng

´1
n`1 for every n ě 1.
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Chapter 9

Further Directions

For spaces that are path-connected and locally path-connected, semi-local simple con-
nectedness is the obstruction to the existence of universal coverings. Understanding
the fundamental groups of these wild spaces is algebraically complicated due to the
existence of infinitary products, which are not usually encountered in classical com-
binatorial group theory. For many wild spaces, however, not all hope is lost. We
saw that for the Hawaiian earring, there is some sort of generalized covering space,
which exhibits some lifting properties that allowed us to identify π1pHq as a subgroup
of its so-called first shape group. A theory for such generalized coverings is being
systematically developed, for example in [FZ07, Bra15].

As it is shown in [FZ05] building on [CF59, MM86, Eda10], the fundamental
groups of any planar set canonically injects into its first shape group. These shape
injectivity theorems however fail even for subsets of R3, for example see [FZ05].
Proposition 7.19 tells us that we can use the Hawaiian earring as a test space for
the existence of infinitary products in the fundamental groups of other spaces. In-
deed, this was the approach used in Chapter 8 to understand the fundamental group
of the harmonic archipelago; still, it was difficult to make sense of its combinatorial
structure with this approach. For example, we are unaware of any “word calculus” for
the homotopy classes of loops in the harmonic archipelago as we had for the Hawaiian
earring.

Understanding the fundamental group of wild spaces in ambient dimension d ě 3
remains wide open for research. One way to pursue this may be via examining how
they relate to the Hawaiian earring. It is not hard to show from the definitions that
the fundamental group of a first countable space is infinitary if and only if it is not
semi-locally simply connected at one or more points. Together with Proposition 7.19,
this implies that the Hawaiian earring is the natural candidate to investigate the
wildness of other spaces. In [KR05, BMM12] for example, the authors study the
so-called Hawaiian groups of a space X; the first Hawaiian group of X is defined
as π˚pH, Xq, the group of homotopy classes of basepoint-preserving maps from the
Hawaiian earring to X, with the other Hawaiian groups defined similarly using higher-
dimensional analogues of H.

The algebraic structure of the fundamental groups of wild spaces is interesting in
its own right. There are many questions that have yet to be answered here. What are
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some other equivalent purely group theoretic criteria for the existence of infinitary
products than that of shrinking filtrations (i.e. as in Proposition 7.17)? Can we
realize every group with a shrinking filtration as the fundamental group of some wild
space? These questions could be the subject of further investigation.
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